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students and teachers and providing insightful suggestions regarding the scoring guides, the activities, and the
content of this module.

We acknowledge a significant debt to the following members dintipact Mathcadre of trainers who made
important suggestions for improvements to the activities and the scoring guides to facilitate their use by teachers
and strengthen their use as aids to report card preparation (see pp. 94-95).

Katie Branovacki Trevor Brown Jeri Lunney André Mailloux Pat Margerm
Lee MPMenemy Laura Romano Caroline Rosenbloom Jan Scully Emilia Veltri

A special debt of gratitude is owed to Maria Bodianne, Sandra Dilena, Lorraine Schroetter, and Barry Scully
who played a key role in the development of the scoring guides and the selection of student work.

The creation of such a document as this involves many stages of revision, rewriting, and reorganization, carrying
with it a multitude of opportunities for errors. We are eternally grateful to Rosemary Tanner’s sharp eye and
expert editorial skills for the many errors and omissions that she purged from the manuscript at each stage.
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the elementary school mathematics curriculum for Ontario. New expectations for

student learning require the teaching of new mathematical topics as well as a shift
in emphasis of content previously taught. In particular, the new document reflects the
growing need for students to expand their skills in processing information, managing
data, problem solving, and using technology to achieve these ends. While there is a reduced
attention to rehearsing rote skills, such as long division with large divisors or extraction
of roots by the formal method, there is a reaffirmation of the need for students to master
the multiplication tables and fundamental pencil-and-paper skills that underpin arithmetic
facility. Such skills are intended to support the intelligent use of technology in performing
complex computations of the type that arise in so-called “real world” contexts.

The Ontario Curriculum, Grades 1- 8: Mathematissued in 1997, has redefined

Implicit in this document is the demand for new or revised methods of instruction and
assessment. Educational research of the past twenty years has mounted a compelling
argument for a knowledge-building approach to instruction (see page 9) that reduces the
role of the teacher as purveyor of information and enhances the teacher’s role as facilitator
of learning. With this shift in instructional methodology comes a corresponding demand
for change in methods of assessment (see pages 10 — 12).

The call for such changes in curriculum, instruction, and assessment has created a need
for teachers of grades seven and eight to plan new programs in mathematics from the
plethora of print and electronic resources currently availaBlece most of these teachers

are responsible for many subject areas in addition to mathematics, the consolidation of
these materials into a set of coherent lessons is daunting. To support teachers in this
guest, the Ministry of Education and Training has commissioned a set of five modules (of
which this is one) that gather together many of the extant resources in a single reference
package. Each module addresses one of the five strands in the new curriculum.

Though they address different content strands, all modules have the same format.
Part | outlines the rationale underpinning the ideas and activities developed in the module.
Part Il provides a brief instruction for teachers on the new content or approaches in that
strand. Part Il provides a set of four sample activities for Grade 7. Together these constitute
an authentic task designed to consolidate and extend earlier developmental activities.
This unit is intended to model the instructional and assessment philosophies discussed in
Part . It is not intended to cover the entire content of the strand, nor to replace any
resources presently used, but rather to supplement the current programincluded

in Part Il under the heading “What You Might See” are samples of student work, classified
by achievement level, and presented opposite a rubric that will help you assess the work
of your students. Part IV parallels Part Ill, except it is keyed to the Grade 8 unit. However,
it is recommended that all teachers familiarize themselves with the contents of both Parts
[l and IV. Part IV concludes with a selected list of appropriate print and media resources
at the Grade 7-8 levels and some useful Internet addresses to fulfill the intent that the
module provide a single reference to help teachers implement the new curriculum.
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The rationale for the measurement strand in the Ontario mathematics curriculum is given on
page 52 offhe Ontario Curriculum, Grades 1-8: Mathematics:

Measurement concepts and skills are directly applicable to the world in which students live.

The topic of measurement lends itself naturally to the introduction of fractions and decimals.
It also requires students to be actively involved in solving and discussing problems. Students
should be encouraged to compare objects directly by covering them with various units and
counting the units. Concrete experience in solving measurement problems is the best
foundation for using instruments and formulas. As students develop increasing skills in
numeration, they can be challenged to undertake increasingly complex measurement
problems, thereby strengthening their facility in both areas of mathematics.

Estimation activities are important to help students become familiar with different measures
and the process of measuring, and to gain an awareness of the size of units. Often, only an
estimate is required in order to make a decision about the solution to a problem. Students
should develop a fund of informal measurement guidelines, so that they know, for example,
that their fingers are about 1 cm wide, that a can of pop is about 350 mL, and so on. These
guidelines will help them estimate sizes in the world around them.

The National Council of Teachers of Mathematics (NCTM) adds support to this vision by its
inclusion of Measurement as Standard 1@umriculum and Evaluation Standards for School
Mathematicqp. 118):

As students progress through grades 5-8, they should develop more efficient procedures and,
ultimately, formulas for finding measures. Length, area, and volume of one-, two-, and three-
dimensional figures are especially important over these grade levels. For example, once
students have discovered that it is possible to find the area of a rectangle by covering a figure
with squares and then counting, they are ready to explore the relationship between areas of
rectangles and areas of other geometric figures. This exploration gives students an opportunity
to reason deductively and see how mathematical ideas relate to one another. The following
suggest some possibilities.

* The area of a parallelogram can be rearranged into a rectangle.
» The area of a triangle is one-half the area of a parallelogram.

All these connections require students to understand that the area of a figure does not change
if it is partitioned and rearranged. It is also important that students understand the association
between multiplication and determining the area of a rectangle. The formula is not a “magic
box.” It is a summary of a process that tells how many units it takes to cover the rectangle. It
is also a summary of the relationship among area, height, and length.

In the sample unit presented in Part Ill of this document, students join Gulliver on his travels to
Laputa, the land of the mathematicians, where they explore the relationships among the areas
of triangles, rectangles, parallelograms, and trapezoids. In Part IV, they investigate the ingenious
beverage can and calculate the area of its template as it is transformed into the surface area of a
cylinder.
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The policy on the use of technology, as embodidtheOntario Curriculum, Grades 1-8: Mathematics,
is stated on page 7 of that document:

Students are expected to use calculators or computers to perform operations that are
lengthier or more complex than those covered by the pencil-and-paper expectations. When
students use calculators and computers to perform operations, they are expected to apply
their mental computation and estimation skills in predicting and checking answers. Students
will also use calculators and computers in various experimental ways to explore number
patterns and to extend problem solving.

The rationale for this policy is expressed clearly and strongly on page 17Ndttbaal Council of
Teachers of Mathematics 1998-99 Handbook:

Technology has changed the ways in which mathematics is used and has led to the creation
of both new and expanded fields of mathematical study. Thus, the technology is driving
change in the content of mathematics programs, in methods for mathematics instruction,
and in the ways that mathematics is learned and assessed. A vital aspect of such change is
a teacher’s ability to select and use appropriate instructional technology to develop,
enhance, and extend students' understanding and application of mathematics. It is essential
that teachers continue to explore the impact of instructional technology and the perspectives
it provides on an expanding array of mathematics concepts, skills, and applications.

The position statement of the NCTM follows this rationale with six recommendations including the
following two:

 Every student should have access to an appropriate calculator.

» Every school mathematics program should provide students and teachers access to
computers and other appropriate technology for individual, small-group, and whole-
class use, as needed, on a daily basis.

For the complete position statement including all six recommendations, access the NCTM's Web site
at www.nctm.org/about or e-mail infocentral@nctm.org.

TheMeasuranenu in dynamical geometric software sucGasmeter’s SketchpashdCabri Geometry

provides students with a rich resource for exploring measurement concepts in a geometric context. The
Grade 8 unit in Part IV of this module develops the relationshipmd between the circumference of

a circle and its diameter using beverage cans, string, and measuring tape. An impressive way to reinforce
and extend this concept is to have students draw a circle and its diang&ketdnpacnd watch the

values of C, D, and C/D as they drag the circle and expand its diameter. The value of C/D remains
constant while the values of C and D spin larger like the gauges on a gas pump. A similar activity can
be used to show the invariance of the AMBhere A denotes the area of a circle of diameter D.

The unitin Part IV also employs the spreadsheet as a convenient tool for graphing C vs. D aid Avs. D

to discover that the quotients C/D and Alave the same value for all circles. Activity 4 in that unit
requires that students use the Internet to explore the conservation and recycling of aluminum beverage
cans. Although calculators, computers, spreadsheets, and the Internet are invaluable in the measurement
strand of the mathematics curriculum, they do not replace the need for student exploration with
fundamental measuring devices like measuring tape, protractors, and grid paper.
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range of instructional approaches. The students are sometimes given

information and required to read, interpret, and apply it in an exercise. In other cases,
the students must investigate, explore, and discover concepts that lurk beneath the surface
of an activity. In some cases, the students will work individually, while in others they
will work collaboratively or cooperatively. The sample unit in Part Il of this module
confronts students with a classical area paradox that students, grouped in pairs, must
explore, analyze, and resolve. Then the pairs of students must present and defend their
conclusions in an open forum with their classmates. The sample unitin Part IV involves
students in investigating ways to redesign, recycle, and reuse aluminum beverage cans to
ensure that we do not exhaust the world supply of aluminum. Students are encouraged to
work individually or in groups using scissors, measuring tape, centimetre paper,
spreadsheets and (where available) dynamical geometry software as tools for exploration.

I n this and the other four modules, we present activities that attempt to incorporate a

In view of these multiple perspectives on how children learn, one might assume that all
traditional approaches to teaching will disappear as these philosophies are incorporated.
However a response to the question “What should | see in a [NCTM] Standards-based
mathematics classroom?” tiMCTM 1997-98 Handboogresents a balanced and
accessible image of effective instruction:

First and foremost, you'll see students doing mathematics. But you'll see more than
just students completing worksheets. You'll see students interact with one another,
use other resources along with textbooks, apply mathematics to real-world problems,
and develop strategies to solve complex problems.

Teachers still teach. The teacher will pose problems, ask questions that build on
students' thinking, and encourage students to explore different solutions. The classroom
will have various mathematical and technological tools (such as calculators,
computers, and math manipulatives) available for students to use when appropriate.
The teacher may move among the students to understand their thinking and how it is
reflected in their work, often challenging them to engage in deeper mathematical
thinking.
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T he changes in curriculum and instruction described on the preceeding pages have significant
implications for assessment and evaluation. Among these implications is the shift from
norm-referenced to criterion-referenced assessment, as described on pélge Asfessment
Standards for School Mathematjagblished by the NCTM in 1995:

At present, a new approach to assessment is evolving in many schools and classrooms.
Instead of assuming that the purpose of assessment is to rank students on a particular trait,
the new approach assumes that high public expectations can be set that every student can
strive for and achieve, that different performances can and will meet agreed-on expectations,
and that teachers can be fair and consistent judges of diverse student performances.

The Ontario Curriculum, Grades 1-8: Mathematisse pp. 4-5) also embraces the move to criterion-
referenced assessment and includes four levels of achievement for describing student performance:

High achievement is the goal for all students, and teachers, students, and parents need to
work together to help students meet the expectations specified. The achievement levels are
brief descriptions of four possible levels of student achievement. These descriptions, which
are used along with more traditional indicators like letter grades and percentage marks,
are among a number of tools that teachers will use to assess students' learning. The
achievement levels for mathematics focus on four categories of skills: problem solving,
understanding of concepts, application of mathematical procedures, and communication of
required knowledge. When teachers use the achievement levels in reporting to parents and
speaking with students, they can discuss with them what is required for students to achieve
the expectations set for their grade.

Descriptions of the four levels of achievement for problem solving, concepts, applications, and
communication are shown on page 9 of that document. These are the levels for concept understanding:

knowledge/skills Level 1 Level 2 Level 3 Level 4
Understanding The student shows understanding of concepts:
of concepts ) ] . ] )
— with assistance —independently — independently - independently
— by giving partially — by giving appropriate  — by giving both appro-  — by giving both
complete but but incomplete priate and complete appropriate and
inappropriate explanations explanations complete
explanations explanations and
by showing that he

or she can apply
the concepts in a
variety of contexts

—using only afew of ~ —using more than half - using most of the — using all of the
the required concepts  the required concepts  required concepts required concepts

Atable such as the one above that describes levels of achievement is ediiécl included with the
student activities, in this and the other modules, are rubrics and samples of student work that exemplify
the levels of student performance as definethiea Ontario Curriculum, Grades 1-8: Mathematics.



The release of the first module in this seriggta Management & Probabilitywas met

with widespread enthusiasm. It confirmed our belief that teachers need and want materials

to help them implement the new mathematics curriculum. Of particular interest to teachers
are the issues associated with assessment and evaluation. The shift in emphasis from rote
learning to higher-order processes, such as problem solving, drawing inferences, and
communicating mathematical conclusions, requires that methods of performance
assessment be added to the battery of devices that teachers use to assess mathematical
learning. As observed in the NCTM publicatiGarriculum and Evaluation Standards

for School Mathematics: Addendum Series — A Core Curric(l992):

Questions eliciting open-ended responses require more holistic approaches for
scoring. Indirectly, they convey to students the need to communicate their ideas
clearly and to construct their responses for a purpose. The impact on the curriculum
of this type of assessment is to hold students accountable for demonstrating their
understanding of connected ideas rather than displaying their proficiency with
disconnected skillgp. 11)

One of the most important devices for the holistic scoring of higher-order tasks is the
rubric. The rubric shown on page 10 is an example of what is called a “general rubric.” In
its publicationAssessment Standards for School Mathemét3g5), the NCTM defines

a general rubric as “an outline for creating task-specific rubrics” (p. 90). Furthermore it
defines a “task-specific rubric” as a rubric that “describes levels of performance for a
particular complex task and guides the scoring of that task consistent with relevant
performance standards.” In this module we present, under the heading Y Ou
MIGHT SEE, samples of student responses to the activities. Large samples of student
work collected during the field tests of these materials were used to create scoring guides.
These guides are task-specific rubrics. You will notice however that they evaluate the
“product”, i.e., the student work, while the general rubric shown on page 10 includes an
observational component of assessment (e.g., “with assistance,” “independently”). Since
there can be no observational component in the assessnuamppietedstudent work,

the scoring guides in this book do not use phrases such as “independently” or “with
assistance.lt is expected that teachers will use each scoring guide as a starting point

in the development of a task-specific rubric that will evolve as it is used with students.

On page 12, we offer some suggestions on how to develop task-specific scoring guides.
However, it is important to recognize that the creation of rubrics is highly subjective and
is more an art than a science. In THBISS Monograph #1: Curriculum Frameworks for
Mathematics and Scien¢&993), Robitaille et al. issue this caveat:

Measuring educational achievement is difficult from both a conceptual and a
practical perspective. What counts as “achievement” is not always easy to discern
and even when a concept of achievement has been clearly explicated, ways and
means for assessing it are not easily devised. The ongoing debate about educational
measurement and the increasing number of alternative assessment approaches
proposed in educational circles attest to this problgm36)
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There are no set rules for constructing scoring guides. Each teacher will have personal preferences and
individual conceptions that contribute a significant subjective component to this assessment instrument.
Consequently there will be some variation among teachers in the levels of achievement assigned to a
particular student response. However, the process described below presents the main elements in
constructing scoring guides that many educators have found effective.

@ |If there are other teachers who are teaching
mathematics at the same grade level, plan to set aside
about 90 minutes to work together.

Enter the
descriptors
into a table to
form a scoring

Identify
criteria for
mastery of the
activity.

® Make a complete set of samples of student work on

the activity for which you are developing the scoring

guide. Distribute these to each colleague before the

meeting O

Record the

descriptors for:
Level 4: high-high
Level 3: high-low
Level 2: low-high
Level 1: low-low

Classify
student
responses as
“high” or

® Decide upon the kinds of responses that constitu
mastery of the task. Identify responses that constit
various levels of partial mastery (about 20 minutes

levels and
check for
continuity

® Have each teacher individually assign the level “high”
or “low” to each student response (about 20 minutes).

® When all student responses have been classified as
“high” or “low,” discuss and reach consensus on the
rating of each response (about 20 minutes).

Further
classify low
responses as

“low-high” or

“low-low.”

Further
classify high
responses as

“high-high” or

“high-low.”

® Gather all the responses classified as “high” and repeat
the process i® and®, assigning the rating “high-
high” or “high-low” to each of the “high” responses. ] ) ] ]
Record descriptors used to determine each Steps in Creating a Scoring Guide
classification. Assign the “high-low” descriptors to
“Level 3" and the “high-high” descriptors to “Level 4” (about 10 minutes).

@ Repeat the procedure®, classifying each of the “low” responses as “low-high” or “low-low.” Reach
consensus and record the descriptors. Assign the low-high descriptors to Level 2 and the low-low
descriptors to Level 1 (about 10 minutes).

® Review the descriptors for the four levels to ensure that they form a continuum of increasing expectation
and capture the criteria establishe@nRecord the descriptors in a scoring guide using a format such
as in this book.

o'fs[p/u[ HKesouraes /oz C’uating é‘aou'ng guic[sa

Bryant, Deborah and Mark DriscoExploring Classroom Assessment in Mathemaleston, VA: National
Council of Teachers of Mathematics, 1998.

Danielson, CharlottéA Collection of Performance Tasks and Rubrics: Upper Elementary School
MathematicsLarchmont, NY: Eye on Education, Inc., 1997.

Flewelling, Gary and Chuck LemenchMathematics Assessment: Grades 7 &@&onto, Ontario: Gage
Educational Publishing Company, 1997.
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New instructional approaches with an increased emphasis on estimation embody the major changes in
the measurement strand. On page 7, we described briefly the rationale for the inclusion of measurement
in the curriculum as stated Fhe Ontario Curriculum, Grades 1- 8: MathematicBhis rationale
stressed the importance of estimation as a life skill.

An equally important impetus for the inclusion of a strong estimation component in the measurement
strand derives from some insights in cognitive psychology. In the late 1960’s, cognitive psychologist
David Ausubél observed,

If I had to reduce all educational psychology to just one principle, | would say this: The
most important single factor influencing learning is what the learner already knows.

Ausubel recognized that new knowledge must be built on the foundation of what the learner already
understands. In the mid 1970’s when Ontario teachers were involved in the conversion to metric units,
Chester Carlow at OISE was applying Ausubel’s insights to a program designed to foster the development
of systematic estimation skills. These instructional materials pioneered the use of referents which he
calledperceptual anchorCarlow states,

In order to make direct estimates, children must internalize appropriate standard referents
or perceptual anchors. A perceptual anchor is a quantity whose size is readily perceived in
different settings; thus, a child can use internalized perceptual anchors to make comparative
estimates of other quantitigp. 96)

This idea is further explicated in this paragraph (and particularly in the last sentence) from the NCTM
publication,Curriculum and Evaluation Standards for School Mathemdpc417)

In everyday life, people need to make many kinds of measures to resolve common questions:
About how long will it take? About how much do | need to buy? About how much will it hold?
An estimate is often sufficient. Estimation requires a judgment about an entity's approximate
relationship to a standard. Students’skills at estimating measurements will develop only through
experience ... The ability to hold one’s hands about a meter apart, to know the length of a foot
or stride, to know the width of a fingernail- all these are useful estimating tools.

It is expected that students in Ontario will develop referents or perceptual anchors for standard
measurement units as they progress through the elementary grades. However, by Grade 7, it is expected
that they will use these perceptual anchors to approximate distances in metres, floor areas in square
metres, volumes in millilitres, and so on. The activities in the Grade 7 sample unit in this module have
students cutting out quadrilaterals from centimetre paper and calculating their areas in square centimetres.
The sample unit in Grade 8 involves students in estimating in square centimetres the area of a circle by
counting squares and parts of squares inside the circle. The formula for the area of a circle is developed
in terms of its diameter rather than its radius i.e., /%4 rather thamiR?, to help students establish

the perceptual anchor of its area as approximately 3/4 the area of the square in which it is inscribed. As
students formalize their understanding of such measurement concepts, they will develop increasingly
more sophisticated ways of approximating and computing lengths, distances, areas, and volumes. Their
facility with holistic estimation will enable them to assess whether their computations are yielding
answers of the correct magnitude. This is the ultimate goal in developing number sense in measurement!

! Ausubel, David FEducational Psychology: A Cognitive VieNew York: Holt, Rinehart & Winston, 1968.
2Carlow, Chester D. “Critical Balances and Payoffs of an Estimation PrograBstimation and Mental Computation.
1986 Yearbook of the National Council of Teachers of Mathematics, Reston, VA: 1986, pp. 93-102.



TEMPLATE — The Pythagorean Relationship

THE PYTHACOREAN RELATIONSHIP

Pythagoras

582 B.C -501 B.C.

7~ Count SQM

1

half-squares to show
that the Pythagorean
relationship is true for

T he postage stamp shown here g
celebrates the Pythagorean' e
relationship that was discovered f

over 2500 years ago. It shows a right &
triangle with a square drawn on each g}
side of the triangle. Each small square '.
has an area of one square unit. Counts
the small squares to record the area ofy} |
the square on each side. Describe whai ¥ ¥
you discover. This is true for all right -
triangles and is called th®ythagorean _

relationship or Pythagorean theorem

Named in honor of the mathematician,

Pythagoras, of ancient Greece, it
remains the most famous theorem in

mathematics.
A\ AABC below. £
~ .
I/l/| \\
Use the area of the square on §
g side BC ofAABC to calculate the
= length of side BC. i
Explain how you can use the lengths -
of the two shorter sides of a right
G triangle to calculate the length of the
\. longest side (called theypotenuse). i
AN
\\ -
———
L~ Use the Pythagorean N
/ relationship to determine: \\ N)
' * the length of side DF. \
* the distance between points D and
. Explain how you can calculate / \
the distance between two points // F
on a grid by counting squares.

.l\.'\. //I/!
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YSING THE PYTHACOREAN RELATIONSHIP
70 CALCYLATE PERIMETER

Finding the length of a line segment on a grid is easy when the segment is hor

horizontal, you can find its length by applying the Pythagorean relationship as s
below. Take the distance between adjacent parallel grid lines as one unit.

To calculate the length

|DF| we write:
IDE| = 2 and |EF| = 3, 2
so|DH=2+ 3%
=13.
IDF| =v13= 3.60. Vi3 3

@ Use the Pythagorean relationship to calculate the perimeters of these shapes.

zontal

or vertical-you just count along the grid. When the segment is neither vertical nor

hown

WA

@ Estimate the length of the path
A-B-C-D-SE-F-G.

Then calculate the length of this path.

How close was your estimate? Explain
how you could have calculated the
length of the path using the
Pythagorean relationship only once.

16
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RELATING THE AREA OF A PARALLELOGRAM TO THE AREA
OF A RECTANGLE

Take the distance between adjacent parallel grid lines as one unit. | A B

Therefore each small square has an area of one square unit. T ve

@ Diagonal BD divides rectangle ABCD into two triangs8BD andACDB. % 4
Are these two triangles congruent? 7
Do they have equal area? Explain how you know. s
What are the areas ARBD andACDB? 4

Explain how you can calculate the area of a right triangle on a grid. D C

A
® Rectangle ABCD and parallelogram EFCD share a common base D

What triangle is part of ABCD but is outside EFCD?

What triangle is part of EFCD but is outside ABCD?

What are the areas of those two triangles?

Compare the areas of ABCD and EFCD. Describe what you discover:

———w

® Record the base, height, and area of each of these shapes in the table below.

Shape | Base | Height | Area

A

: A B C D

C

D

Look for a pattern in your table. Describe what you discover.

know the lengtlb of its base and its height
b) Write a formula for the area A of a parallelogram in ter
of b andh.

WHEN CAN THE AREA OF A PARALLELOGRAM
BE CALCULATED BY MULTIPLYING

178 LENGTH BY ITS WIOTH?

=y

L

® a) Explain how to calculate the area of a parallelogram if ):y n /
«— b —

17



TEMPLATE

RELATING THE AREA OF A TRIANGLE TO THE ARFA OF A
PARALLELOGRAM

Take the distance between adjacent parallel grid lines as one unit.
Therefore each small square has an area of one square unit.

@ Diagonal DB divides parallelogram ABCD into two triangl&8BD

andACDB. A B
Are these two triangles congruent? -
Do they have equal area? Explain how you know. P
What is the area of parallelogram ABCD? P -
What are the areas AABD andACDB? g
C

Explain how you can calculate the area of a triangle formed by drawirg
the diagonal of a parallelogram.

® One way to determine the area{YZ is to make a congruent copy
and match them to form a parallelogram XYZW.

[N

What is the area of parallelogram XYZW? What is the ar&x¥Z?
Explain how to calculate the area of a triangle on a githout .
constructing a congruent copy.

® a) Explain how to calculate the area of a triangle if you know the h
lengthb of its base and its height

b) Write a formula for the area A of a triangle in termb ahdh. - L

O Record in the table below, the base, height, and area of each triangle.

Triangle | Base Height Area
A
; A
- D
; B




PART ITT

Measurement
N
Grade 7



THE ONTARIO CURRICULUM, GRADES 1-8: MATHEMATICS

MEASYREMENT, GRADE 7

Overall Expectations

By the end of Grade 7, students will:

» demonstrate a verbal and written understanding of and ability to apply accurate measurement
strategies that relate to their environment;

* identify relationships between and among measurement concepts (linear, square, cubic, temporal,
monetary);

* solve problems related to the calculation and comparison of the perimeter and the area of
irregular two-dimensional shapes;

* apply volume formulas to problem-solving situations involving rectangular prisms.

ES5TIMAT E.;_J{

\ AFOUT 100 ﬁ
( % %
o~ K

ONeor Two *haig

©1998 by Sidney Harris
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THE ONTARIO CURRICULUM, GRADES 1-8: MATHEMATICS

Specific Expectations
For convenient reference, the specific expectations are coded. M 7-1 refers to the
first Measurement expectation in Grade 7.

Students will:

Ynirs oF MEASYRE

M 7-1 - create definitions of measurement concepts;
M 7-2 - describe measurement concepts using appropriate measurement vocabulary;

M 7-3 - research and report on uses of measurement instruments in projects at home,
in the workplace, and in the community;

M 7-4 - make increasingly more informed and accurate measurement estimations
based on an understanding of formulas and the results of investigations;

PERIMETER & AREA

M 7-5 - understand that irregular two-dimensional shapes can be decomposed into simple
two-dimensional shapes to find the area and perimeter;

M 7-6 - estimate and calculate the perimeter and area of an irregular two-dimensional
shape (e.g., trapezoid, hexagon);

M 7-7 - develop the formula for finding the area of a trapezoid,
M 7-8 - estimate and calculate the area of a trapezoid, using a formula;
M 7-9 - draw a trapezoid given its area and/or perimeter;

M 7-10 - develop the formulas for finding the area of a parallelogram and the area of a
triangle;

M 7-11 - develop the formula for finding the surface area of a rectangular prism using nets;

Caracrry, VOLUME, anD MASS

M 7-12 - develop the formula for finding the volume of a rectangular prism (area of bagght);

M 7-13 - understand the relationship between the dimensions and the volume of a rectangular
prism;

M 7 -14 - calculate the surface area and the volume of a rectangular prism in a problem-solving
context;

M 7-15 - sketch a rectangular prism given its volume.

21



AcTiniry | — TEACHER EOITION

Guiwver Dmes witw e Marwemaricrans

Expectations Addressed

create definitions of measurement concepts.

@me ! — STVOENT Pace

M7-1
GULLIVER DINES WITH THE MATHEMATICIANS

e had two courses
of three dishes
each. In the first

course, there was a shoulde
of mutton, cut into an
equilateral triangle; a piece of
beef into a rhombus and
pudding into a cycloid. ...
The servants cut our brea
into cones, cylinders,
parallelograms and several
other mathematical figures.

M 7-2 describe measurement concepts using appropriate

measurement vocabulary. ulliver's Travelss a

. . . popular tale of a
make increasingly more informed and accurate traveller named
measurement estimations based on an understandigglliver who sailed the

of formulas and the results of investigations. oceans to strange and distant
lands. Most people know of

understand that irregular two-dimensional shapeshis visit to Lilliput, the land
can be decomposed into simple two-dimensional‘lzL the little people. Some

. . ow of his visit to
shapes to find the area and perimeter. Brobdingnag, island of the

estimate and calculate the perimeter and area of aﬁ:f‘ms' S CE LS
chapter about Gulliver's visit

irregular two-dimensional shape (e.g., trapezoid, o | aputa — the land of the

hexagon). mathematicians. Some small

. . . excerpts from that visit are
estimate and calculate the area of a trapezoid, usingresented here in a slightly

a formula. modified form, to modernize

M7-4

M 7-5

M 7-6

...Their ideas are perpetuall
expressed in lines and figures.
To praise the beauty of al

M 7-8

the old English in which this
manuscript was written
almost three centuries ago!

animal, they describe it in
terms of rhombuses, circles
parallelograms, ellipses and
other geometric terms.

The estimation and calculation of areas of triangles and Paces 1nkuown
guadrilaterals is embedded in the rich fantasy of
Gulliver’s Travels This famous classic, written by «
Jonathon Swift around 1725, is a political satire in which

Swift vents his somewhat cynical view of the human
race. In Gulliver’s visits to Lilliput and Brobdingnag,

Swift combines his political commentary with an
exploration of the relativity of size, and his satire is § 3
manifest mainly as humour. However, in GUIliVer’s Visit s ofcosus

Ante7 A

to Laputa, Swift's satire transforms itself into an angry 75

assault against mathematicians. (Apparently the triumph',.jf‘r kYT
of science, evidenced by the widespread popularity of &= Lol
Isaac Newton’'sPrincipia, had challenged Swift's
theological teachings, and theoretical mathematicianss

became the target of Swift's anger.)

D

H

&Diﬁowud.i\.}) 1oL

In Activity 1, students are presented with a (slightly

modernized) excerpt froi@ulliver’s Travelsin which

Gulliver describes his dinner in Laputa. Since Swift confuses 2-D shapes and 3-D figures, this activity invites
students to rewrite one paragraph correcting the errors. Students also estimate and calculate perimeters and areas
of triangles and quadrilaterals on a grid. This helps them review and consolidate the formulas for the areas of
triangles and parallelograms called for at the Grade 6 leVélrOntario Curriculum, Grades 1-8: Mathematics

(p. 38). In Activity 2, students help the mathematicians escape the King’'s new tax on right angles by transforming
rectangles into trapezoids of equal area. This leads them to discover inductively the formula for the area of a
right-angled trapezoid. Activity 3 builds on the previous explorations and formalizes the area formula for the
trapezoid. Finally, in Activity 4, students are thrust into the role of tax appraiser to confront the classical paradox
of the four shapes of total area 64 square units that seem to fit together to form a rectangle of area 65 square units.



The intent of this lesson is to have students learn the

distinctions between 2-D shapes and 3-D figures, to explore o

the concepts of perimeter and area, and to review the formuIQfs In his description
(o]

. . the dinner,
for the areas of triangles and quadrilaterals. Gulliver confused

To launch this lesson, ask students what they know (jfome 2-dimensional
. . , . . . shapes with 3-
anything) ofGulliver's Travels Provide students with a brief ginensional figures.

overview of Gulliver’s trips to Lilliput and Brobdingnag. Then Make a list of the 2-
describe the visit to Laputa. (You may enhance yougimensional shapes Z
presentation by making overhead transparencies of the¥ named and

. . . . . . . another list of the 3-
illustrations included in this unit or from Asimov (see p. 96). gimensional figures.

The Lesson LaunchisKeRalisties
Acriviry | — STYDENT PAace

Since some students will have difficulty reading the excerpﬁrzl'v;g;g?:;uvuiri:g Zea | hs
from Swift on page 24, distribute that page and ask thee appropriate terms. Gulliver's Dinner in Laputa,
students to follow along as you read the excerpt. Then ask J.J. Grandville 1835

guestions such as the following:

. . . A Writ 1t dd ketch t lain th i f h
« Are there any mathematical errors in this excerpt? rite & sentence anc craw a SKelch fo expiain in€ meaning ot eac

+ Could a slice of meat be an equilateral triangle? Can yog) pgra"ebgram b) trapezoid
draw it? How thick would it be? If you drew it to show its c) equilateral triangle d) rhombus
thickness, what figure would you draw? e) rectangular prism f) triangular prism

* What word should Swift have used to describe this shap%’ Name these 2-dimensional shapes drawn on the centimetre grid below.

s - .. . Count squares to estimate the perimeter and
Initiating Activity 20 minutes area of each. Record your estimates.

Have students work individually on Exerci#®sand® on | ~L_ B eimeer ;l

_ perimeter

page 25. When students have finished, write on the overheafl A / ‘7 area

or blackboard the headings, “2-D shapes” and “3-D figures.” verimeter o]l

Invite students to come to the board or overhead one at & area _c? C

time to write an entry in either column and to justify their : @

entry. Have the class discuss the entries in both lists. Ask th pormeter — o8 / \

class if anyone knows what a cycloid is. If not, draw a sketch / D \

like this ~~\  anelxplain that a cycloid is an open curve. heeter — ¢

Ask students whether this is a 2-D shape or 3-D figure. The—I\l E menmeter ¢ | | |

discussion should lead to the conclusion that it is neither —l222 o

because the bou_ndary ofa2-D shapeisa C_Iosed curve. ReViEWite as many of these area formulas as you know.

orally the meanings of each of the terms in Exel@®se a) The area of a rectangle given its lerigihd widthw.

b) The area of a triangle given its heigtend the length of its base
Paired Activity 25 minutes c) The area of a parallelogram given the lemgthone side and the
perpendicular distanagfrom it to the other parallel side.

Before proceeding, ask for a show of hands to determiné’se the formulas you know to check your estimates in Exefkise

how many students know how to use the Pythagore® Draw each of these 2-dimensional shapes on centimetre paper.

relationship to calculate distances on a grid. Also ascertair®) arectangle of area 20 tand perimeter 18 cm.

how many students know the formulas for the area of a2 2 Parallelogram of area 24 tand perimeter 22 cm.

. ) . ) a quadrilateral of area 20 temd perimeter 20 cm.

triangle and parallelogram. Assign the appropriate template(s

(pp. 15-18) to students who need to learn or practise these

concepts. (The answers are given on p. 93.) Group the remaining students in pairs. Distribute two

sheets of centimetre paper to each pair (see p. 56), and have them work on E@e@isand®.

Closure

In concluding this lesson, ask pairs to explain how they calculated the areas of the various shapes. Students should
explain how they decomposed larger shapes into simple shapes such as right triangles. Others may explain how a right
triangle is merely half of a rectangle. Show students how to calculate the perimeters using the Pythagorean relationship.
Have students demonstrate on the blackboard how they applied the area formulas. When discussing student answers to
Exercise®, encourage all possible answers and ask students whether they think there is more than one answer.
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Activiry | — STYDENT PAGE

Gueerver Dmves wrre 7ve M aTHemAaTICIANS

ulliver's Travelds a popular tale of
Ga traveller named Gulliver who

sailed the oceans to strange and
distant lands. Most people know of his visit
to Lilliput, the land of the little people. Some
know of his visit to Brobdingnag, island of
the giants. But few have read the chapter
about Gulliver's visit to Laputa — the land of
the mathematicians. Some small excerpts
from that visit are presented here in a slightly
modified form, to modernize the old English
in which this manuscript was written almost
three centuries ago!

Pa rfs Unktmwn

4
Ilul‘-ﬁ‘:‘l
L]

.fffa.mr.f.#m :
Modedron™F g

.[F‘.‘fith'

e had two courses of
three dishes each. In the
first course, there was a
shoulder of mutton, cut into an
equilateral triangle; a piece of
beef into a rhombus and a pudding
into a cycloid ... The servants cut
our bread into cones, cylinders,
parallelograms and several othe
mathematical figures.

...Their ideas are perpetually

expressed in lines and figures. T

praise the beauty of an animal, the

describe it in terms of rhombuses,
circles, parallelograms, ellipses and
other geometric terms.

‘ Ma'ﬂmun I
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Actrviry | — STYDENT PAacE

® In his description of the dinner, Gulliver _-
confused some 2-dimensional shapes wrt’ 5
3-dimensional figures. Make a list of the
2-dimensional shapes he named aj
another list of the 3-dimensional figur
Then rewrite Gulliver's first paragr
using the appropriate terms.

® \Write a sentence and draw a sketch
explain the meaning of each term.
a) parallelogram b) trapezoid
c) equilateral triangle d) rhombus
e) rectangular prism fjiangular prism

® Name the 2-dimensional shapes drawn ; iRy
(():n the centimetre g”(.j beIOV\; : q Gulliver's Dinner in Laputa,
ount squares to estimate t e perimeter an 3.J. Grandville 1835
area of each. Record your estimates.

I I I
| \\ B perimeter cm
~ || {

<~

A / \\area ¢

.
N

perimeter cr( \

o C A
perimeter cm // \
area cm / D
/ perimeter c\t
/ area cin

r— perimeter ¢
E area _____ ch
® Write as many of these area formulas as you know.

a) The area of a rectangle given its lerigithd widthw.

b) The area of a triangle given its heigtgnd the length of its base

c) The area of a parallelogram given the lehgthone side and the perpendicular

distanced from it to the other parallel side.
Use the formulas you know to check your estimates in Ex@Xxise

® Draw each of these 2-dimensional shapes on centimetre paper.
a) arectangle of area 20 £rand perimeter 18 cm.
b) a parallelogram of area 24 Tand perimeter 22 cm.
c) a quadrilateral of area 20 tand perimeter 20 cm.
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M These definitions are not unique and should 6%

Graoe 2

Awswer Key ror Aerrvrry 1

® To estimate perimeter, students might use the fact

Two-dimensional Shapes  Three-dimensional Figures . . .
that any diagonal line segment cutting across a

« equilateral triangle * cones ]
« rhombus « cylinders centimetre square has a length greater than 0 cm and at
* parallelograms most ~2 cm. Using this approach, students might

Since all solds are three-dimensional, we muf JE R S B S L o ot 7
replace the names of the two-dimensional shapes ' g

with corresponding three-dimensional solids. Thjuares and 5 partial squares inside A and estimate the

: : . rea to be 17 + 5(1/2) or 19.5 £rhe estimates can
revised paragraph W'th the appropriate terms m%g further sharper(led )by assigning an area of?lt@m
read something like this.

squares with more than half their areas inside A and an
We had two courses of three dishes each. Inarea of 0 to squares with less than half their areas inside
the first course, there was a shoulder of mutton, A. Similarly, diagonal line segments that appear to be

cutinto a prism having an equilateral triangle small can be

Perimeter P Area A in

as a base; a piece of beef into a rhombohedronassigned a length| SHAPE inom om?
and a pudding into a cone. The servants cutof 0 and larger A 8. p. 20| 19. A. 21
our bread into cones, cylinders, rhombohedra segments, a C -
and several other mathematical figures. length of v2. A B 18. P. 23 | 11. A. 13
reasonable range
It is not expected that students will know the worgy each estimate c 18. P- 21| 19. A. 21

rhombohedronbut the intent here is to help thenaf perimeter and
understand the distinction between two-dimensiorelea is given in
shapes and three-dimensional figures. It is al8te table. E lw..p.17] 6. A8
intended that the students have some fun with this
exercise by improvising with descriptive words oThe classifications of the shapes A, B, C, D, and E and

explanations to describe the three-dimensiongkir calculated perimeters and areas are shown below.
counterparts of simple two-dimensional shapes.

D 9: P< 15 6 A< 10

o ) A trapezoid Perimeter 18.4 cm Area 2¢cm
Note: The cycloid is a curve and is therefore ongg triangle Perimeter 195 cm Area 122cm
dimensional, so it is even less appropriate than r@eparallelogram Perimeter 18.9 cm Area 26 cm
other terms in describing a solid. We merely triangle Perimeter 13.1 cm Area 82cm

substituted the wordonein our revised paragraph.g parallelogram  Perimeter 16.8 cm Area Zcm
a) A=lxw

understood but not memorized. b) A - h > b2
a) Aparallelogramis a quadrilateral with opposite ¢) A=lxd a)
sides parallel. It is important for students
b) A trapezoidis a quadrilateral with exactly oneto check the estimates thdy
pair of parallel sides. obtained by counting
c) Anequilateral triangleis a triangle with all sides squares, so they can refirje b)
of equal length. their estimation techniques.
d) Arhombusis a parallelogram with all sides ofThis method will be usec
equal length. in the Grade 8 unit td
e) Arectangular prismis a polyhedron with two approximate the area of ja
parallel and congruent rectangular faces joinggtcle.
by four faces that are parallelograms. C

f) A triangular prismis a polyhedron with two ® Three shapes tha /A N
parallel and congruent triangular faces joined (RRUSTY the given conditiong 1~} N
are shown on the grid. /

three faces that are parallelograms.




The scoring guide presented below has been developed using student responses on a field test conducted il
1998. However, it is recommended that you regard it merely as a starting point in the development of your own
scoring guide that will evolve as you use this with studerte Ontario Curriculum, Grades 1-8: Mathematics
asserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.

Scoring Guide for Activity 1

Level 1 Level 2 Level 3 Level 4

CONCEPTS
Creating
Definitions of  Severa definitions are | « Most definitions are * Definitions are mostly | « Complete and
incomplete and/or appropriate and complete and usualy accurate definitions
2-D Shapes & contain some diagrams correct. include accurate are given.
3-D Figures significant errors. descriptions.
(exercise 9) . Some_ d(_efinitions _
contain incomplete or | » Diagrams are correct.
inaccurate descriptions.
M 7-1 P
Estimati _On &  Formulas are * Formulas are correct  Formulas are correct | » Formulas are correct
Calculation of incorrect and but applied improperly. | but minor errors are and correctly applied.
Perimeter & Area | improperly applied. evident in their
(exercises ® and @) application.
M 7-5,M 7-6, M 7-8

ACHIEVEMENT LEVELS DEFINED BY THE MINISTRY OF EDYCATION AND TRAINING
Level 1 Identifies achievement that falls much below the provincial standard.
Level 2 Identifies achievement that approaches the standard.
Level 3 The “provincial standard,” identifies a high level of achievement of provingial

expectations. Parents of students achieving at Level 3 in a particular grafle can
be confident that their children will be prepared for work at the next grad

Level 4 Identifies achievement that surpasses the standard.
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WHAT YOU MIGHT StE

YNDERSTANOING OF CONCEPTS: DEFINITIONS OF 2-0 SHAPES & 3-0 FICURES

Thie O Fuwe . .
- - This student has drawn all the

' ”{& i'” +—  shapes and figures correctly, except
iy ﬂ for the equilateral triangle which has
} ) been confused with an isosceles

triangle. The written definitions of

) bk ali the _aislas quethe the prisms do not define these
T T figures uniquely and are therefore

incomplete. The written definitions

R lironaioval _f%i;gg. — :
of the parallelogram and trapezoid
,mm,mﬁu @ p g p

I! . E L Alde ,,,AA a 'ﬁ, ' £ ngglect to mention the number of
ﬁ sides. The student knows what these

%W mwz" :
A Q shapes look like but needs some

7 coaching in expressing these ideas.

@Q)MM&—&@MWWW C)_‘ﬁ.zm‘;amg_w ﬁmwuow%m
MW%WWWMEW .
anal  dialanms prom  tackathes .

C)QMWM @ triamgle Aoving als
Aloleg L an efarel arglo.

The definitions of the 2-D shapes are correct and complete.
The definitions of the prisms have two errors that are
underlined. The diagrams suggest that the student knows

& abomiue = O ponsetelogram with foun sugied the meanings of the terms, but may need to be reminded
Adoles un Longih <> that a rectangular prism need not have square ends.
4
Level 4
DA roliiogracn. 15 o fwr-sided hgus wivn eppesiie sides gl gl g roeaguior grism s 6 prist wivse, Yop and obtom gucfaws  art
/r—————:‘ Congrlwn’ ft(.\'“ﬂaki.
[ foratlogram= @-vﬁ&dmﬂu\m Peison-
B A Moperea oo gusdilaben) wiFn exackly ohe pair 6% poralel Vines. .
L—A'T‘“‘““" : DB vrinegloe rison ie 6 Bkesided fHgere wivh s eeds %G congrued
- . . . Mrnangies. ond Ve vemeiniag Yroas sides leeing rehaegies, -
O An cquivateral  ktiorole s Iroides. Bigwre . wdin oy 2 sies lwing of equal tengihl T,
. B e e ¢ A}. e Trtorutar Brrsmo
2 Equtarenot Toocge : . oo . ‘ o .
\\ ; v - These definitions are complete and accurate for this grade
level. The student may need to be reminded that the
“sides” of 3-D figures are referred to as “faces.” The
N B o > 0 gualvemt i Toue 5065 o6 equud Tengin definition of a triangular prism given here is actually the
<> B — definition of aright triangular prism. However the more
g general definition of prisms (see Answer Key p. 26) should
be mentioned but not stressed at this grade level.
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WHAT YOU MIGHT StE

APPLICATION OF MATHEMATICAL PROCEDYRES: ESTIMATION & CALCULATION OF PERIMETER & AREA

'(‘ﬁamt,{;\ﬂ

pgm‘.m}e,r\ =la4 cm..

1 cm?

perimelers M e
Areg s Mcm

DH l?O?CE’Q‘JQ ‘h‘tqm,[?-«

!P €y me'tef' 1% om

dafeq -

| +D="A

5.5 end

@a) l W= A
b A=A

7 5) A M M =50t Bemt Sem 150007 e

..(5 o X Ecm)+£5¢n}§2cm“3.> =0 e &

B= Ww W Semt. &cmf‘jcmriqvﬂfﬂ
o uoAgel T Mﬂ.ﬂm 12 ann®

C- M%@??AM~ ohumaTin = Fern 8 PHepat Som = 130

wohta= Dere X tom =26 om?

D= waselie W M 4‘%‘*’4‘%"‘5{.‘}\'\ i em
arig = oo xfé;m Bem?®

£ e pniallebogsaniy phinilo = Taw ¥ 1 3n¥ Tem Ham =l
E AL, T f) . .

) Q) lxw=orea Q_l")zzhzare,o Q Ixd=area

Of the three area formulas given, only the formula for the All three formulas given for area are correct. The perimeters
area of a rectangle is correct. Estimates of the area ar given were within the limits of acceptable error and the

perimeter are given for only three of the five shapes. The areas of shapes A through D were correct. The student did
perimeters fall within the range of normal error and the not estimate or calculate the area of parallelogram E

areas given for the right triangle and parallelogram are although the appropriate formula was known. It is not clear
correct. The area of triangle D is incorrect.

whether this was merely an oversight.

Yoo le i lad g ’”'—- L """f.':*- - -- All three formulas given for
T A L - '5"-"-j Feiia - area are correct. The
. = _f‘-Er - ":1. = -"-*—'E f:l .- . perimeters (not shown here)
ottt L _ SRR o - given were within the limits
: - S N0 S Eo — of acceptable error.
FA R Mgt A inE 5 -
U D - = A et The calculations show that
R e I oo ) . the student understands how
R TR T TR, S-S - IR P TR L to apply the formulas. In
.- _ S | RO S RN calculating the area of
*:l-__‘ﬁi_.,_‘,{,.l ___-'i'l_ --,-l_.t&-,;'. . T T R N A, T R B trapezoid A, the student
i _H - T B _pf,]_-' o4 Fealawn diviqles itintoarectapgle and
. F"J s s - Jr-l: = mT ¥ T oea a triangle and applies both
L .'::l__.:- 'j' P D P S e S area formulas. To calculate
R ] e
T - ;- 4
ALFE ‘I“':_iil L';L"ﬁ" - N . rectangle and two congruent
.- £

== . triangles and then applies the
- appropriate formulas.
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ACTInTy 2 — TEACHER EDITION

7:/5 M ATHEMATICIANS 7:?4:1/.9;0»?41 k ECTANGLES INTO 7:?40520/0.9

Expectations Addressed
Activiry 2 — STYDENT PAGE

M 7-1 create definitions of measurement concepts.

. . . THE MIATHEMATICIANS TRANSFORM RECTANGLES INTO TRAPEZOIDS
M 7-2 describe measurement concepts using appropriate

measurement vocabulary.

. . . ulliver observed, with
M 7-4 make increasingly more informed and accurate G

k . some contempt, thal
measurement estimations based on an the mathematicians

understanding of formulas and the results of seemed to avoid practical
investigations matters. They built their homes

' without right angles and

M 7-5 understand that irregular two-dimensional shapeslocated their houses on odd-

can be decomposed into simple two-dimensionalshaped lots.

These mathematicians are
under continual stress, never
enjoying a minute's peace of
mind, for they are always
working on some problem that
is of no interest or use to the rest
of us.

% o]

shapes to find the area and perimeter. §o

| . 3 ...Their houses are very ill built,
the walls bevil, without one righ
angle in any apartment; and this
defect ariseth from the contempt
they bear for practical geometry.
They despise it as vulgar and
impure... Although they can us
mathematical tools like ruler
compasses, pencil, and paper, they
are clumsy and awkward in th
common actions and behaviour
of life.

M 7-6 estimate and calculate the perimeter and area of an
irregular two-dimensional shape (e.g., trapezoid
hexagon).

M 7-7 develop the formula for finding the area of a
trapezoid.

M 7-8 estimate and calculate the area of a trapezoid, using
a formula.

M 7-9 draw a trapezoid given its area and/or perimeter. “; :

Context
Gulliver was apparently unaware of the reasons why the mathematicians

In this activity, we set the stage for the human dramgbnstructed their buildings (and their lots) in unsymmetrical shapes. Legend
that motivates the calculation of area. Tension betwedgils how the king, in his attempt to raise more revenue from his people,
the theoretical mathematicians and the King's talfus e siec X on ot st contaned more ran wo gt ngles.
appraiser is triggered by the king’s imposition of areshaped their lots as shown, to avoid this special tax.

special tax on lots containing more than two right
angles. The mathematicians respond by changing th
shapes of their lots from rectangles to right-angled
trapezoids, in such a way that the areas are unchangeGuSIEEEEl Beta's Lot
In this way they reduce the number of right angles in
each lot to two, thereby avoiding the special tax. The
king will respond to this tax avoidance scheme in
Activity 3. (Stay tuned.)

BErFore THE SPeciae Tax AFTER THE SPECIAL Tk

Alpha's Lot

Beta's Lot

Exercise@® is intended to ensure that students understand the meaning of thepenoidand realize that a
trapezoid can have two or four (but not three) right angles. This enables them to understand how the transformation
of the lots from rectangular to trapezoidal shape avoids the special tax. E@feisestudents measure the
dimensions of Alpha’s and Beta’s rectangular lots and calculate their areas. Then students trace and cut out the
lots after they have been reshaped. By placing the cut outs on centimetre paper, the students can verify that the
areas of the lots have not been changed. Furthermore they discover that multiplying the sum of the lengths of the
parallel sides of a (right-angled) trapezoid by the distance between them yields double the area. This leads them
to an informal discovery of the formula for the area of a (right-angled) trapezoid. In Ex®csel®, students
investigate how to transform a given rectangle into a trapezoid of equal area with and without centimetre paper.



The Lesson LauncheRnllliieEs

Investigating and applying a formula for the area of a
trapezoid may be intrinsically interesting to some students, @V/ﬂ/ 2 — STUDENT PAGE
but others (perhaps many) would regard the experience as

“boring.” For this reason, we have attempted to embed the
exploration in a context involving the drama of matching wits

— the king and his tax appraiser vs. the theoretic@l reconstructing their lots as shown on page 32, the mathematicians

THE MATHEMATICIANS TRANSFORM RECTANGLES INTO TRAPEZOIOS

mathematicians. changed each rectangular lot intapezoid

: : : : ) @ a) The diagram on the right shows two trapezomU
By tz_ipplng into the rich fantasy di_ulllvers Travels you _ e U
can integrate some language arts into the lesson and, in the your definition with a dictionary.

pr_oce_ss_, motlvate some mathematical learning. TO achiev How many right angles has each trapezoid shown here? Do all trapezoids
this, it is important that students know something about have the same number of right angles? Explain.

Gullivers Travels.One way to provide such background
information is to ask anyone who knows the story to descrige R , ,
it to the class. Then distribute page 32 and invite someoneto a) Measure the length and width in millimetres of Alpha’s and Beta’s
I : pag lotsbefore the special tax was imposed. Record in the table on the left
read the excerpt on the scroll. Have the students read for pejow.

Did Alpha and Beta have to pay the special tax on their new lots? Explain.

themselves the paragraph below the scroll. Then pose — —
questions such as the following to launch the lesson: o | e | Somatre T o T
* Why did the mathematicians reshape their lots? Alpha m———
« What were the shapes of the lots before and after the tax? [ =

* How many right angles did each lot have? _
. . . ?) Trace and cut out both lots as they were after the special tax. Place your
« Why did the mathematicians want to keep the areas o ) ,

cut outs on centimetre paper to determine the area of each lot and the

their lots _UnChanged? o o _ lengths of the parallel sides. Record in the table on the right.
« Do you think the mathematicians were justified in changing

. . ¢) Did Alpha and Beta change the areas of the lots when they reshaped
the shapes of their lots? Explain why or why not. ) 2 g U P

them? Explain.

. d) Compare the length of Alpha’s rectangular lot to the sum of the lengths
Paired Activity 20 minutes of the parallel sides of Alpha’s trapezoidal lot. Repeat for Beta’s lot.
Describe what you discover.

Group students in pairs to complete ExercBeand® in . . - .

. AR . e) Explain how to calculate the area of a trapezoid containing a right angle,
their no_tebOOKS- Distribute two copies of page 33, two Sheet_s given the lengths of its parallel sides and distance between them.
of centimetre paper (see p. 56), and scissors to each pair.
When most pairs are finished, ask students to explain &y Draw two fi?ta”tg'es of 'e”gtg,g_gm and W'fdtt

. . cm on cenumetre paper. Iviae one o

relationship they found between the length ofa_lot before the TS (T T T TalES £ @) 5
tax and the sum of the lengths of the parallel sides after tax. gimensions 5 crm 6 cm and 4 crx 6 cm.
Prompt them to explain how to use this relationship to

calculate the area of a trapezoid (containing a right angle).

b) Use what you learned in Exerci®eto divide the
other rectangle into trapezoids C and D so the a
of Aand C are the same and the areas of B an

Individual Activity 20 minutes are the same. Explain how you did this. How m

ways do you think this can be done?

D

Assign Exercise® and® for students to do individually.

Many students will discover that a line segment drawn through? D;a‘graéizv'?dgm gfr ?g‘czgﬁtaﬂeg'ﬁ] N t?lvzhi‘f;g: peom o

the midpoint of the boundary between A and B divides it into Fecean@es X anz Y and reco,gd their areas. Culaft| Y [e5em
two trapezoids with the same areas as rectangles A and B. your rectangle and divide it into two trapezoidsisa !

Help students who experience difficulty by suggesting that that one has the same area as X and the other the same area as Y.
they fold their rectangle in half along a line parallel to its b) Measure the dimensions of each trapezoid and calculate its ar@ as in
length. The point where the fold intersects the boundary of A b. Record the areas of the trapezoids and verify that they are equal to
and B is the point through which any line segment can be theareasofXandY.

drawn to yield the desired result.

To consolidate the students’ understanding of a procedure for transforming a rectangle into a trapezoid of the same area,
invite students to describe their finding®hand@®. Ensure that they understand there are (infinitely) many ways to do

this. Guide them to deduce a formula for the area of a trapezoid given the lengths of its parallel sides and the distance
between them.
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Activiry 2 — STYOENT PAGE
THE MATHEMATICIANS TRANSFORM RECTANGLES INTO TRAPEZOIDS

ulliver observed, with some contempt,

that the mathematicians seemed tg

avoid practical matters. They built the )

homes without right angles and located the
houses on odd-shaped lots.

These mathematicians are under

continual stress, never enjoying a
minute's peace of mind, for they are
always working on some problem
that is of no interest or use to the re
of us.

o]

... Their houses are very ill built, the
walls bevil, without one right angle in
any apartment; and this defect ariseth
from the contempt they bear fo
practical geometry. They despise it as
vulgar and impure...Although the
can use mathematical tools like rule
compasses, pencil, and paper, they are
clumsy and awkward in the commo
actions and behaviours of life.

Gulliver was apparently unaware of the reasons why the mathematicians constructed
their buildings (and their lots) in unsymmetrical shapes. Legend tells how the king, in
his attempt to raise more revenue from his people, levied a special tax on any lot that
contained more than two right angles. Two mathematicians, Alpha and Beta, with
adjoining rectangular lots, reshaped their lots as shown, to avoid this special tax.

BEFORE THE SreciaL Tax ArTer THE Srecial Tax

Alpha's Lot Beta's Lot Alpha's Lot Beta's Lot




Acriviry 2 — STYDENT PacE

By reconstructing their lots as shown on page 32, the mathematicians
Alpha and Beta changed each rectangular lot ittapgezoid

@ 2a) The diagram on the right shows two trapezoids. Write a sentence to
define a trapezoid. Check your definition with a dictionary.

b) How many right angles has each trapezoid shown here? Do all trapezoids
have the same number of right angles? Explain.

c) Did Alpha and Beta have to pay the special tax on their new lots? Explain.

® a) Measure the length and width in millimetres of Alpha’s and Beta’s lots
before the special tax was imposed. Record in the table on the left.

Before Tax After Tax
Sum of the Distance
Length Width Area Lengths of the between the Area

Parallel sides Parallel sides

Alpha
i Alpha

Beta

Beta

b) Trace and cut out both lots as they were after the special tax. Place your
cut outs on centimetre paper to determine the area of each lot and the
lengths of the parallel sides. Record in the table on the right.

c) Did Alpha and Beta change the areas of the lots when they reshaped
them? Explain.

d) Compare the length of Alpha’s rectangular lot to the sum of the lengths
of the parallel sides of Alpha’s trapezoidal lot. Repeat for Beta’s lot.
Describe what you discover.

e) Explain how to calculate the area of a trapezoid containing a right angle,
given the lengths of its parallel sides and distance between them.

® a) Draw two rectangles of length 9 cm and width 6 cm on centi
paper. Divide one of the rectangles into two rectangles A and B A
dimensions 5 crx 6 cm and 4 crx 6 cm.

b) Use what you learned in Exerc®eto divide the other rectangle in
trapezoids C and D so the areas of A and C are the same and th
of B and D are the same. Explain how you did this. How many wa
you think this can be done?

® a) Draw a 12.5 crx 6.5 cm rectangle on a sheet of paper. Divide
rectangle into two other rectangles X and Y and record their area$
out your rectangle and divide it into two trapezoids so that one has the
same area as X and the other the same area as Y. _

I

b) Measure the dimensions of each trapezoid and calculate its ar@ a$ irk |
b. Record the areas of the trapezoids and verify that they are eqgal to |
the areas of X and Y. |

16.5 cm
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Graoe 2

Awswer Key ror Aeriviry 2

pair of parallel sides. (Sometimes a trapezoid is
defined as a quadrilateral witth leastone pair

of sides parallel. This includes parallelograms
as special trapezoids. However, the glossary on
page 84 of The Ontario Curriculum, Grades
1-8 uses the more restrictive form given above.)

b) As seen in the diagrams, a trapezoid may have
no right angles or two right angles. It cannot have
exactly one right angle, for otherwise the other
parallel side would also have a right angle. Also,
it cannot have exactly three right angles because
the remaining angle would have to have measure
90° and then it would have four right angles.

¢) Alpha and Beta would not have to pay a tax on
their new lots because the special tax was levied
on the lots with more than two right angles.
Trapezoids cannot have more than two right
angles.

a) The completed tables are shown here.

Before Tax

Length Width Area

Alpha 36 mm 30 mm 10.8 cn?

Beta 34 mm 30 mm 10.2 cn?

After Tax

Sum of the Distance
Lengths of the between the Area
Parallel Sides Parallel Sides

Alpha 47 + 25 =72 mm 30 mm 10.8 cn?

Delta 23 + 45 =68 mm 30 mm 10.2 cn?

b) The areas are shown in the tables above.

¢) No. The areas of the lots remained unchanged.

d) The sum of the lengths of the parallel sides of
Alpha’s trapezoidal lot was double the length
of Alpha’s rectangular lot. This was also true
for Beta’s lots.

e) To find the area of a trapezoid, find the average
length of its two parallel sides and multiply by
the distance between them.

a>

@ a) Atrapezoidis a quadrilateral with exactly one® a) The diagram below shows two rectangles A and

B drawn drawn to scale on centimetre paper.
L1 1

B_

b) To divide the large rectangle above into

trapezoids C and D so that the areas of Aand C
are equal and the areas of B and D are equal, we
draw a line through the midpoint M of the
boundary between A and B. (We can locate the
midpoint by folding the rectangle perpendicular
to the boundary.) Then we draw any line segment
through M, and it divides the rectangle into
trapezoids C and D.

Since any line through M produces a different
pair of trapezoids, there are an infinite number
of ways of dividing the rectangle into trapezoids
so that the areas are preserved.

Ask students whether the areas remain
unchanged if the line segment through
M is allowed to move past the corners as in the
diagram below.

You can verify that rotating past the corners does
not preserve areas unless the two rectangles are
of equal area.




The scoring guide presented below has been developed using student responses on a field test conducted il
1998. However, it is recommended that you regard it merely as a starting point in the development of your own
scoring guide that will evolve as you use this with studerte Ontario Curriculum, Grades 1-8: Mathematics
asserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.

Scoring Guide for Activity 2

PROBLEM SOLVING

Selection of an

Appropriate
Strategy for
Constructing a
Trapezoid with
The Same Area as

a Given Rectangle
(exercises © & @)

M 7-6, M 7-7, M 7-8,
M 7-9

Under stands How
To Determine the
Area of a Right
Trapezoid

(exercise ©)

M 7-4, M 7-6, M 7-7,
M 7-8, M 7-9.

CONCEPTS

* unable to describe an
appropriate strategy
for changing a
rectangle into a right
trapezoid of the same
area.

* describes an
appropriate strategy
for changing a
rectangle into aright
trapezoid of the same
area.

* applies the strategy
with minor errors to a
given rectangle.

Level 3

* describes an
appropriate strategy
for changing a
rectangle into a right
trapezoid of the same
area.

« applies the strategy
correctly to a given
rectangle.

In addition to Level 3:

« indicates that there
are an infinite number
of ways of changing a
rectangle into a right
trapezoid of the same
area.

 The response to
Exercise ® includes
fewer than two of the
following elements:

« completed tables with
measurements correct
to within 2 mm and
no computational
errors.

« statement that the
areas of the lots did
not change.

« discovery that the
sum of the lengths of
the parallel sides after
tax is double the
length before tax.

* appropriate procedure
or formulais given
for calculating the
area of aright
trapezoid.

* The response to
Exercise @ includes
two of the following
elements:

» completed tables with
measurements correct
to within 2 mm and
no computational
errors.

* statement that the
areas of the lots did
not change.

« discovery that the
sum of the lengths of
the parallel sides after
tax is double the
length before tax.

* appropriate procedure
or formulais given
for calculating the
area of aright
trapezoid.

* The response to
Exercise @ includes
three of the following
elements:

» completed tables with
measurements correct
to within 2 mm and
no computational
errors.

« statement that the
areas of the lots did
not change.

« discovery that the
sum of the lengths of
the parallel sides after
tax is double the
length before tax.

* appropriate procedure
or formulais given
for calculating the
area of aright
trapezoid.

* The response to
Exercise @ includes
all of the following
elements:

« completed tables with
measurements correct
to within 2 mm and
no computational
errors.

* statement that the
areas of the lots did
not change.

« discovery that the
sum of the lengths of
the parallel sides after
tax is double the
length before tax.

« appropriate procedure
or formulais given
for calculating the
area of aright
trapezoid.
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WHAT YOU MIGHT StE

PROBLEM SOLVING: SELECTING A STRATEGY FOR CONSTRUCTING A TRAPEZOID OF GIVEN AREA
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The student recognizes that there is more than one way to do this, but is unaware
that continuous turning of the boundary line yields an infinite number of solutions.

4| &)
Rectangles (mm) Trapezoid (mm)
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The student has described very clearly an appropriate strategy for partitioning the rectangle into
two right trapezoids such that the areas are preserved. The strategy was also applied correctly.
She used centimetre paper in her rough work and was thinking about solutions for which the
dimensions of the trapezoids are integers. This led her to think that there were only four solutions.
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The student has recognized that
there are an infinite number of
different trapezoids that can be
constructed so that areas are
preserved. The student whose work
is shown above moved 2 cm right
along the top edge of the rectangle
and then 2 cm left along the bottom
edge and then joined the two points.
This student finds the midpoint of
the boundary between the two
rectangles and then draws any line
segment through that point. Each
such line segment is a solution to
the problem. This approach is a
little more sophisticated than the
strategy above and it reveals an
interesting property of all partitions
satisfying the conditions of the
problem. That is, all the line
segments pass through the mid
point of the boundary.



WHAT YOU MIGHT StE

CONCERPTS: UNDERSTANDS HOW TO DETERMINE THE AREA OF A RIGHT TRAPEZOID

Aher Tax

Chmmolthe ] o
l:nglhﬁ‘the B
?ﬂnﬂel:ids E

SCW‘I 3.»5cm_p_'5iﬁ '”féocm :3Cm 10’5:!&
® o0 Dove L= 1213 ScmiDSond 165cm | 3cm o2

by DOnBCCJKT out SNt ‘H\&;Cgstesr way ) | t table values outside the
L'INQ-L bBGﬁLULSE ‘ﬂ'}e area. OF ﬂqe ‘Ol.rd T}ﬁ, 2 mm range

7 ﬁ-}fE rdA3 _ recognition that the areas
ﬁﬁﬁn le@ﬁfh are._. fhay e & ﬁ‘

of the lots did not change

CQM_MLLS@L#@& ma-rher X hé, 35‘%@* +2 - appropriate procedure

The lengths of the sides for lot Alpha given in the tables are outside the 2 mm tolerah@n(36

and 72 2 mm). This may have been a consequence of confusing the terms “length” and “width.” Also
the area given in the Beta row in the After Tax table does not match the product of the other dimensions.
All the other elements listed in the Level 3 column of the Scoring Guide on page 35 are present.

B
Before Tt (mm) After fog () .
_ L W A ~JaLesloaes| A
1apra 1 26 | 22 |lowo Alpha | 19 30 | 1080
{eeta 33 30 Qaoe Beta | 55 30 ago

O No dhey didet  Secouse if gou lengihen  Such

Much on Top_ o€ the lot and shories . such
Mucky an the . bo‘H‘om ~they Sei' o _difPevent
. S\f\:ape, but . Some _ayeso.. B )

. ‘Q The_ SURATD F -&—bg Lengins of '{hr;,)amllef &i des

of Alpea  ond Reda’s trapezads dre  egule 1o
__Tthe doubled length of each  vecttngulor. | ut'. e

€) . Find the sum of dhe lengths of the Parallel
sides. B R

] N,_,,V,ﬂuwlglplg ‘f}’;\em;:um bg ‘\he d\s{'ﬁmgﬁ ) beﬁ-wﬁ
AR poraliel sides. - o

3. You d \qde the dangwer in o 2.

All the elements in the Level 4 column of the Scoring Guide on page 35 are present.
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M 7-4

M 7-5

AcTinTy 3 — TEACHER Eo1TION

7;/5 K/ﬂ/&' M OVES FROM 4:1/6’&5&’ 70 Aké'ﬂ

make increasingly more informed and accurate
measurement estimations based on an
understanding of formulas and the results of
investigations.

@mf 3 — STyoenT PAGE

THE KNG MOVES FROM ANGBLES TO AREA

) ] ] lots with more than two right angles. In response, the
understand that irregular two-dimensional shapes mathematicians reshaped their rectangular lots into trapezoids
can be decomposed into simple two-dimensional ©f the same area. In this way they preserved the size of each lot and

. . escaped the new tax. The king was not amused, and sent his tax appraiser
shapes to find the area and perimeter. A ——————

Y ou may recall in Activity 2 that the king levied a special tax on

M 7-6 estimate and calculate the perimeter and area of an
irregular two-dimensional shape (e.g., trapezoid,

hexagon).

M 7-7 develop the formula for finding the area of a

trapezoid.

M 7-8 estimate and calculate the area of a trapezoid, usin

o
a formula. 4

M 7-9 draw a trapezoid given its area and/or perimeter.

This activity escalates by a magnitude the battle of witg

between the tax appraiser and the mathematiciané.;”

Reacting to the mathematicians’ reshaping of their lots
into trapezoids, the king’s tax appraiser announces that
taxes will be levied on lots according to their areas and
not the number of right angles they contain.

To add insult to injury, the tax appraiser explains his
rule for calculating the area of a trapezoid. At this poinP
students have discovered this rule as it applies to
trapezoids containing a right angle (see Activity 2, pp.
32-33) but they have not yet established a formula for
the area of a trapezoid containing no right angles.

Exercisefd of this activity has students write a formula
to describe the tax appraiser’s rule for calculating the
area of a trapezoid. It invites students to conjecture
whether this formula applies to trapezoids that do not
contain a right angle. In Exerci€®, the student is to

The king is quite clearly annoyed,
For the taxes you tried to avoid.
By changing your lots

From rectangular plots,

To cleverly-shaped trapezoids.

So the king ordered me to advise
That he will tax each lot by its size;
For he doesn't care

Trapezoid or square,

The area only applies.

Your tax appraiser's no fool,

He calculates fast without tools.
Mean parallel side

Times measurement wide

Is his trapezoid area rule.

= b —

a) How did the king revise the special tax provision so that taxes
would not depend on the shape of the lot?

b) What does the tax appraiser mean by “mean parallel side”?
by “measurement wide"?

c) Describe in your own words how the tax appraiser calculates
the area of a trapezoid.

d) Write as a formula the tax appraiser’s rule for calculating the
area of a trapezoid that has parallel sides of leagthdb if
the distance between these sides imits. Do you think this
formula works for a trapezoid that has no right angles? Give a
reason for your answer.

reconcile the tax appraiser’s formula with the formula developed in Activity®blrhe student applies the tax

appraiser’s formula to compute the areas of two trapezoids on a grid. Trapezoid B does not contain a right angle.
Then in Exercisd®, the students calculate the areas of the trapezoids A and B by decomposing them into
rectangles and triangles. By comparing their areas with those obtained from the formula in Bethise

student discovers that the tax appraiser’s formula yields the correct areas for these trapezoids@Eeatise
students to discover the formula for the area of a right trapezoid by fitting it together with a congruent copy to
form a rectangle. This technique is repeate®in to lead students to discover the formula for the area of a
general trapezoid.



The Lesson LaunchikeRallliiEs

Distribute copies of page 40 to all students. Remind them of
the special tax that was levied on right angles and how the
mathematicians reshaped their lots into trapezoids. Then read

@mf 3 — STvoENT PacE

to the class, with drama and panache, the three limeric®sa) Is the tax appraiser's | L1
contained in the king’s edict. Try to draw the students into trﬁ'e for Ca'cu'i“”g
. . . S e area of a

the battle of wits by posing questions such as the following: e ] R A )
+ Has the king outwitted the mathematicians? e el gl
. . . . s discovered in
What do you think the mathematicians will do now” Activity 22 Explain

« What would you do if you were one of the your answer. 1

mathematicians?

Initiating Activity 10 minutes

Discuss Exercisé® a, b, and c with the class. Ensure that

they understand the tax appraiser’s rule. Then present

Exerc|sw d and ask students to work on it for a Couple of b) Divide trapezoid B in Exerci® i‘nto two triangles. Then use

minutes. They may work alone or with a partner. When most the formula for the area_of a triangle to _calculate the area of
o . trapezoid B. Compare with your answer in Exer@b.

students have found a formula, invite a student who achieved

the correct formula to come to the blackboard or overhe@l a) Draw a trapezoid like the one on the right

b) Use the tax appraiser’s rule to calculate the areas of the
trapezoids drawn on this centimetre grid.

® a) Draw a line segment to divide trapezoid A in Exer@®dato a

right triangle and a rectangle. Calculate the areas of the rectangle
and triangle to find the area of trapezoid A. Compare with your
answer ir® b.

projector to explain the formula and show how it matches centimetre paper and count squares

: ) determine its area. Draw another trapez
the tax appraisers rule. congruent to it. Cut out both trapezoids and.
them together to form a rectangle.
1
Individual Activity 15 minutes b) Record the area of the rectangle and the area
of each trapezoid i® a.
Dis_tr_ibUte page 41 t_O all StUdentS-_ Have students work ¢) a congruent copy of the trapezoid below is made and they are
individually on Exercise® and®. Circulate around the fitted together to form a rectangle as shown.
room to ensure that all students are correctly applying the Coa - - b
; =
formula for the area of a trapezoid. (_Zheck also that they are (Tj congruent =
able to calculate the areas of the triangles by applying the

L copy
appropriate formula. o s

Paired Activity 15 minutes

When students have completed Exerdgereview the
formulas for the area of a triangle and the area of a cas  « b .
parallelogram. Divide the students into pairs and provide each 4 4 -
pair with a sheet of centimetre paper (see p. 56), tape, and a !
pair of scissors. Assign Exerciand circulate around the
classroom, checking to see how many of the pairs are able to
express the areas of the rectangle and parallelogram in ter

of a, b, andd.

Write an expression for the area of the rectangle and for the
area of each trapezoid in termsapb, andd.

d) A congruent copy of the trapezoid below is made and they are
fitted together to form a parallelogram as shown.

!

b — —a—

and for the area of the trapezoid in terma,ddf, andd.
Show your work.

Closure

Invite a student who discovered the correct formula for the area of a right-angled trapezoid to display
the formula on the blackboard and explain how it was derived. Then allow a few minutes for the
students who were unable to obtain a formula for the area of a general trapezoid to try again. Once
most students have discovered a correct formula for the area of a trapezoid, sketch a general trapezoid
on the blackboard and invite a student to measure the lengths of the parallel sides and the distance
between them and to calculate its area.

Write an expression for the area of the parallelogram
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Actrvity 3 — STYDENT PAcE
THE KING MOVES FROM ANGLES TO AREA

ou may recall in Activity 2 that the king levied a special tax on lots with

more than two right angles. In response, the mathematicians reshaped

their rectangular lots into trapezoids of the same area. In this way they
preserved the size of each lot and escaped the new tax. The king was not amused,
and sent his tax appraiser to announce new tax measures.

The king is quite clearly annoyed,
For the taxes you tried to avoid.
By changing your lots

From rectangular plots,

To cleverly-shaped trapezoids.

So the king ordered me to advise
That he will tax each lot by its size;
For he doesn't care

Trapezoid or square,

The area only applies.

Your tax appraiser's no fool,

He calculates fast without tools.
Mean parallel side

Times measurement wide

Is his trapezoid area rule.

«— a —

T

d

! L
“«— b —>

@ a)How did the king revise the special tax provision so that taxes would
not depend on the shape of the lot?

b)What does the tax appraiser mean by “mean parallel side”? by
“measurement wide"?

c) Describe in your own words how the tax appraiser calculates the area
of a trapezoid.

d)Write as a formula the tax appraiser’s rule for calculating the area of
a trapezoid that has parallel sides of lerggmdb if the distance
between these sidesdsinits. Do you think this formula works for a
trapezoid that has no right angles? Give a reason for your answer.



Activity 3 — STYDENT PAGE

® a) Is the tax appraiser's rule for |

calculating the area of a trapezoid
the same as the formula you
discovered in Activity 2? Explain

your answer. A

b) Use the tax appraiser’s rule to
calculate the areas of the trapezoids
drawn on this centimetre grid.

® a) Draw a line segment to divide trapezoid A in Exer@smmto a right
triangle and a rectangle. Calculate the areas of the rectangle and triangle
to find the area of trapezoid A. Compare with your answé@ in

b) Divide trapezoid B in Exercis® into two triangles. Then use the
formula for the area of a triangle to calculate the area of trapezoid B.
Compare with your answer in Exerci®eb.

® a) Draw a trapezoid like the one on the right on centimetre paper jnd]

count squares to determine its area. Draw another trapezoid congrien

to it. Cut out both trapezoids and fit them together to form a rectarmgte:

b) Record the area of the rectangle and the area of each trapd@aid irt

c) A congruent copy of the trapezoid below is made and they are fitfed
together to form a rectangle as shown.

. N
congruent
d copy 4
!
e L ~a -

Write an expression for the area of the rectangle and for the area of
each trapezoid in terms afb, andd.

d) A congruent copy of the trapezoid below is made and they are fitted
together to form a parallelogram as shown.

T
d -
1

o —

Write an expression for the area of the parallelogram and for the area of
the trapezoid in terms @f b, andd. Show your work.

41



42

Graoe 2

Awswer Key ror Aerrviry 3

® a) The king based the tax assessment on the are@ofa) The area of the given trapezoid is .cm

the lot instead of its shape, so only the size of
the lot would matter.

b) Themean parallel sidés the mean of the lengths
of the two parallel sides of a trapezoid.
Measurement widmeans the distance between
parallel sides.

¢) The tax appraiser adds the lengths of the two
parallel sides of a trapezoid and divides by 2 to
obtain the mean length of the parallel sides. Then
he multiplies by the distance between the parallel
sides.

_[ar+bnO
d) Area= - 5 D><d
@ 2a) Yes, the sum of the lengths of the parallel sides
divided by 2 is the mean parallel side.
b) Area of A=2x 3 =6 cmi.
Area of B=5/2x 4=10cm

®a) I

A

Area of A = Area of rectangle + area of triangle
=3cnt+ 3 cnt
=6 cnt

This is the same as the area calculatd® in.

b) We draw a digonal of the trapezoid B to divide it
into two triangles.
Area of B= Area of triangle 1 + Area of triangle 2
= 1/2(3x 4) cnt + 1/2(2% 4) cnt
=6cnt+4cnt
=10 cm.
Alternatively, we could have drawn the other
diagonal and achieved the same result. This area
matches that found 8 b.

b) The area of the rectangle@a is 6 cnx 3 cm
or 18 cni. Therefore the area of each half is 9
cn? and this is the same as our answd®m

1

d

!

The length of the rectangleas b.

The width of the rectangle &

The area of the rectangle s+ b) x d.

The trapezoids are congruent and therefore equal
in area. The area of each trapezoid is half the area
of the rectangle, i.e.,

_(atb)xd _[a+bp
Area= 5 or Area= 02 0% d
1
d

!

The base of the parallelogramais b.

The height of the parallelogramds

The area of the parallelogram &+ b) x d.

The trapezoids are congruent and therefore equal
in area. The area of each trapezoid is half the area
of the parallelogram, i.e.,

(a+b) x d
2

_ma+bno
or Area—D 5 Dxd

Area=




The scoring guide presented below has been developed using student responses on a field test conducted in 199:
However, it is recommended that you regard it merely as a starting point in the development of your own scoring
guide that will evolve as you use this with studeiise Ontario Curriculum, Grades 1-8: Mathematsserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.

Scoring Guide for Activity 3

Level 1

Level 2 Level 3 Level 4

APPLICATION

Write the
Formula for the
Areaof a » Formulais incorrect and  Formulais correct but * Formula is correct but * Formula is correct
Tr apezoi d and improperly applied. improperly applied. minor errors are evident and correctly applied.
Apply it in its application.
(exercise @)
M 7-7,M 7-8

COMMUNICATION
Articulation of a » Responses to the questions | * Responses to the * Responses to the * In addition to Level 3:
Procedure for posed are seldom complete | questions posed are often | questions posed are the responses contain
Calculating the and clear. complete and clear. complete and clear. clear articulation of

the ideas involved and
Area of a are supported by
Trapezoid « Responses are inconsistent | « Responses are inconsistent | « Responses include diagrams, formulas, or
in their use of appropriate in their use of appropriate | appropriate mathematical | examples.

(ex ercises ® and mathematical terminology. mathematical terminology. | terminology.
(2 1)
M 7-7,M 7-8
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WHAT YOU MIGHT StE

COMMUYNICATION  ARTICULATION OF A PROCEOYRE FOR CALCULATING THE AREA OF A TRAPEZOID
AJM_'I'_S 3 . o
18 The Tking _xeuised the tox s That +ax. weldd

cie._pemi__am_ LLovea

alehs __Qn_c‘:m.@.\fs

side. w o

— [ b —_— [
L ___;____ m (0t mytace
___/' i—- @ r‘ l‘..__.__._ - e
g 0y 1 ISihee € 15_ _lm_nd £a
____________ L Over __ue the 2 pore-
! - Itk
The student has reversed the procedurele1 S‘dii_‘ el ‘.hdé' o
of Activity 2 and transformed a &€ PErAltEl..SGE- .
trapezoid into a rectangle. 5. €.
DD He wakes: a...perpen dicvior  lhe  going  up _
om lne b e Top. lekd. former i ITha
fr e b Jm the Toplefd. ¢ i

. ﬂ..’............ .= .

© sk foas ik
_ hotiom

® He Araws_ e hne

D_He_ :

Aistance  from .FbE
e perpendiculorn. .

o Ake
left covner
Vime.

T S, L

80"- ng. P

Turnes. ‘Hne_ |1'HIE . ‘]'rmngje \"\ﬁ mo\,de

by dmwmg & I8pe

i+ en dup o the Spape mu.de

© He p1ace$
From @ omd (. Thiz eokes o gajiare ak
Ahe. el side.

@ Fle repeats Ahe steps O~E  only  this time
s top Gnd bellem  cight corner . ond right
Side . Thid  makes o r'EC.‘i"om@‘l&-.

1 Now Ahat ', hﬁ,*L& o rectangle , be mecs
- to know _lengih of it mh\c‘n is

[

_la+b)T2= tfngth ot dhe new rec'kca@rte
® Now he take  thet -

1+
9@+ Ahe .

”di,(q—tbwzxd

length ond  mulgly .
~the hignih. of Fhe rectangle Yo
. OED. - S

— Thisis a correct formulation of the tax appralsers !

f‘:) No H was differert . The +Cﬁf’ vxpph:u& eyl .
ruie . .m59h+ be more _ easler.  {or peapb wbu
doesn't Khow vy vule. My rule, you can  do
it fueter, (0D XA =2

~ aclear and concise response

~ correct response supported
with a diagram, a formula,
and the introduction of the
symbole for clarification .

a detailed step-by-step
explanation of the tax
appraiser’'s method for
calculating the area of a
trapezoid.

All the responses are complete
and clear. In several cases they
are supported by diagrams and
formulas. The student has not
only described how the tax
appraiser calculates the area of
a trapezoid, but she has also
shown why the formula works
by reversing the process in
Activity 2 that transforms a
rectangle into a trapezoid. The
arrows she drew in her
diagram indicate congruent
triangles and show that the
area gained in the
transformation is equal to the
area lost.

The student has also observed
that the tax appraiser’s method
applies the operations in
slightly different order than
that discovered in Activity 2,
but she acknowledges that
both approaches yield the
same result.

« This is the formula that this student developed in Activity 2.



WHAT YOU MIGHT StE

APPLICATION: WRITE THE FORMULA FOR THE AREA OF A TRAPEZOID AND ArPLy [T

’ Shope dreo

Rectonale 30 cm*®
*"Tmpezo-.orj# | | i5 em?
‘ “\'v‘w‘sezmel g#z! 15 cpn?

Remhste A=GHo x d
fropezod = @t+ox d =+ <

| _Q.”_’_??‘-: G+b)x d + =

This student has been able to write correctly the formulas for the area of a rectangle and

the general trapezoid. The application of the formula yielded the incorrect area of 30

cn? for the rectangle, hence the student obtained the incorrect areas for trapezoids #1
and #2. Since we have only one exercise to judge, it is not clear whether the student

made a minor slip or whether there is a more serious problem.

However, it is clear that the student did not estimate the area to check whether the answer
was reasonable. A brief chat with the student would enable the teacher to assess the

student’s difficulty and provide an opportunity to encourage the student to estimate.

@ Al Dane.

&) Area,

TCHJem:dA Qem2

— JapezodB|  dom?

. Bectargle | 18cm?

Ir .QFE nd s Eﬂgtb&.@f@py:_mﬁ‘
_ Yoty xd <2

o +

The student has written the correct formulas for the areas of the rectangle and the
trapezoids. These have also been applied correctly. In all the student’s responses to Activity
3, itis clear that there is an understanding of why the formula is true and of how to apply
it. Of particular note is the student’s ability to move from specific numerical examples to

the formulation of an algebraic expression in the general case.
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ACTInTy 4 — TEACHER EOITION
KG’ / 7 M ATHEMATICS OR M 6107

M 7-2 describe measurement concepts using appropriate
measurement vocabulary.

@m/ 4 — STYoENT PAGE

18 T MATHEMATICS OR MA6re?

M 7-3 research and report on uses of measurement

instruments in projects at home. in the Workplace We learned in Activity 3 that the tax appraiser in Laputa was very good at
din th it ’ " calculating areas. He was particularly proud of his rules for calculating

and In the community. the areas of triangles and trapezoids.

M 7-6 estimate and calculate the perimeter and area of an
irregular two-dimensional shape (e.g., trapezoid,
hexagon).

Rule for B
Calculating

Areas of
Triangles

M 7-8 estimate and calculate the area of a trapezoid, using
a formula.

The ongoing battle of wits between the tax appraiser
and the mathematicians reaches a climax in this activ
Reacting to the tax appraiser’s announcement that
will be levied on lots according to their areas, the
mathematicians decide to exploit the tax appraiser’s ,
ide in hi f | K . that h ill Knowing the tax appraiser's eagerness to apply these rules, the
pride in nis area (?I’ITIU as. knowing that he wi a-SsesﬁathematiciansAlpha, Beta, Gamma, and Delta constructed their lots as
tax by computing the area of each lot, theshown here. Each centimetre on the grid stands for a Laputian distance
mathematicians cleverly rearrange the lots in a rectangf&"
that has an area of 65 square units. The sum of the ar@astax appraiser recorded the dimensions of each lot in tables like these.
of the lots is 64 square units, so the mathematicians are
actually sharing an extra unit of area on which they frimale XN

Calculating
Areas of
Trapezoids

. ) Beta il
not taxed. The tax appraiser knows he has be Bax | Meom | A= 7 [T
outmanoevered, but he is unable to resolve the parad_®* A f‘rlnTn
Students are invited to cut the lots out of centimet| *™™ '
paper and reassemble them into a rectangle to discover S
where the extra unit of area came from. R ey R Alpha

Paalld | DR | Sauare
) | Sdes | Tgdes | US| e Delta

Students are then asked to write a report to the kipg,.
indicating whether the mathematicians should be taxgd..,

on 64 square units in total or 65 square units. They must
also include in that report their suggestions about the
portion of tax that should be assessed on each lot.

Exercise® of this activity has students calculate the areas of lots Alpha, Beta, Gamma, and Delta using the area
formulas for triangles and trapezoids. Then in Exe@sthe students add the areas obtaind® and discover

that the total area is 64 énThe students compare this with their total area when arranged in a rectangle of area
65 cnt and are asked to explain why the tax appraiser is confused. The students are confronted with the paradox
and asked to verbalize it. Most students are able to recognize that there is a paradox, but unable to explain why it
occurs. Exercis® provides students with an opportunity to cut the lots out of centimetre paper and discover for
themselves that the pieces do fit together to form a square but they do not quite fit together to form a rectangle. A
small sliver of space with an area of (you guessed it!) one square centimetre appears along the main diagonal and
once again area is conserved!



The Lesson LauncliEnilhiiecs

Distribute copies of pages 48 and 49, two sheets of centimetre
paper (see p. 56), and scissors to all students. Remind them

that the tax appraiser will now tax all lots in proportion to @V/W 4 — Srvoent Pase

their areas. Furthermore, as we discovered in Activity 3, the

tax appraiser’s rules for calculating areas of trapezoids aﬁd a) Complete the tables page 48, with each centimetre a Laputian unit.
triangles enable him to compute the tax owing with high b)What do you notice about the areas of triangles Beta and Gamma?
precision. What will the mathematicians do next? c) Are Beta and Gamma congruent triangles? Explain why or why not.

T _— d) Are trapezoids Alpha and Delta congruent? Explain why or why not.
Inltlatlng ACtIVIty 30 minutes e) Add the areas in your table to find the total area of all four lots.
. . . After the tax appraiser computed the areas of the four lots, the
Group the students in pairs and assign Exer@®es®. mathematicians rearranged their lots on the building plans as shown below.

Observe students as they enter the areas of the lots into the

tables to ensure that they are applying the formulas correctly. -
It is also appropriate for students to determine the areas by -
decomposing trapezoids into rectangles and right triangles. A
Delta—]
As the students progress through the exercises, you will see ammaz
them cutting out the pieces representing the four lots. The il ||

most efficient way to do this is to cut ax® square out of

centimetre paper and then cut that square into the four |§#.2) Whatis the total area of this rectangle?

As the students arrange the lots into a rectangle, some will b) Compare your answers@e and®a and explain why the tax
observe that there is a small sliver of space along the diagonal. 2PPraiser became confused.

This is a consequence of the fact that lots Beta and Gam@aa) Using centimetre paper, cut out lots Alpha, Beta, Gamma, and Delta

in the rectangular diagram amet triangles! with the dimensions given in the table on page 48. Show that they have
a total area of 64 chiby arranging them in an 8 cx8 cm square.

/} S b) Arrange these lots in a rectangle of length 13 cm and width 5 cm.
> Bet?Z/ What is the total area of the lots? Where did the extra area come from?
Iph AT| R
0 I Qe_l_?,aJ— Write a letter on a scroll to the king indicatin
amma whether the total area taxed should be 64 square ur)its
T or 65 square units. Give reasons to support your argumert.

P Indicate what percent of the total tax should be assigned]to

each of the four lots.

Research:
How is land taxed in yo
municipality?

By area? By frontage?,
By market value?,

Observe that the slope of PQ is 2/5 or 0.4. Similarly the slope
of line segment RS is 2/5 or 0.4. However, the slope of QR is
1/3 or 0.33. That is, points P, Q, and R are not on the sam

Tax APPRAISER'S LIMERICK (
The trapezoid rule 'tis true,

!lne segment, so lot Gamma is not a triangle. Slmllarly3 Be Applies to other shapes t0o.
is not a triangle, so we cannot use the area formula for triangles Triangle’s trapezoid
in computing the areas of lots Beta and Gamma. With one side that's void,

And parallelogram follows the rule.

Cooperative Learning Activity 25 minutes The tax appraiser's limerick suggests that the formula for the area of a
trapezoid applies to triangles and parallelograms. Explain what is meant
" . . . . by "one side that's void." Show how the formula for = =
Partition the class into groups of four or five. Appoint a chair, g i s | o E

a recorder, and a reporter for each group. Each group is t0y) hx 2 as side lengta gets close to 0.
prepare a report to the king as outlined on page 49. b) b x h whena = b.

Closure

When the students are finished, invite each group to present its report. Challenge reporters presenting opposing opinions to
defend their positions. Promote discussion and pose questions that lead to the realization that lots Beta and Gamma in the
rectangle are not triangles, but quadrilaterals. Have the students calculate the areas of lots Beta and Gamma toeverify that th
total area is 65 ctFinish the lesson by discussing the meaning of the Tax Appraiser’s limerick. Show students that as the
side of lengtha shrinks to 0 (“becomes void”), the area formula for a trapezoid becomes the area formula for a triangle, and
asa increases tb, it becomes the area formula for a parallelogram.

e— b—0u
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Activity 4 — STYDENT PACE

7S 17 NMIATHEMATICS OR MAGIC?

We learned in Activity 3 that the tax appraiser in Laputa was very
good at calculating areas. He was particularly proud of his rules for
calculating the areas of triangles and trapezoids.

g g ™

& Rule for Calculating %
m;_n Areas of Trapezoids

A

-2
any
!

F Rule for Calculating .frra‘-
Areas of Triangles “:m

'
R
i

h

<

Knowing the tax appraiser's eagerness to apply these rules, the mathematicians Alpha,
Beta, Gamma, and Delta constructed their lots as shown here. Each centimetre on
the grid stands for a Laputian distance unit.

The tax appraiser recorded the dimensions W%
of each lot in tables like these. Beta
Triangles
Base Height Area 1 | | | ‘ ‘ ‘
A1 | | | | |
Beta
Gamma
Trapezoids
Lengths of 55\;2;3 Areain
Paralledl | porall | SAuare Delta
Sides ’ Units
Sides
Alpha
Delta

48



Acriviry 4 — STYOENT PAGE
@ a) Complete the tables on the other page, recording each centimetre as a Laputian unit.
b) What do you notice about the areas of triangles Beta and Gamma?
c) Are Beta and Gamma congruent triangles? Explain why or why not.
d) Are trapezoids Alpha and Delta congruent? Explain why or why not.
e) Add the areas in your table to find the total area of all four lots.

After the tax appraiser computed the areas of the four lots, the mathematicians
rearranged their lots on the building plans as shown below.

% A
AT

Delta —

® a) What is the total area of this rectangle?
b) Compare your answers@ e and® a and explain why the tax appraiser became confused.

® a) Using centimetre paper, cut out lots Alpha, Beta, Gamma, and Delta with the dimensions given in
your tables. Show they have a total area of 64gnarranging them in an 8 ca8 cm square.

b) Arrange these lots in a rectangle of length 13 cm and width 5 cm. What is the total area of the lots?
Where did the extra unit of area come from?

Research:

How is land taxed in you
municipality?

By area? By frontage?

By market value?

reasons to support your argument.

Indicate what percent of the total tax should be assig
to each of the four lots.

@ The tax appraiser's limerick suggests that the formula
TAX APPRAISER'S LIMERICK for the area of a trapezoid applies to triangles and

parallelograms. Explain what is meant by “one side

The trapezoid rule 'tis true, that’s void.” Show how the — a -
Applies to other shapes too. formula for the area of a trapezoid !
Triangle's trapezoid becomes a)b x h/2 as side n

With one side that's void, lengtha gets close to 0. T -

And parallelogram follows the rule.b) b x h whena = b.
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Graoe 2

Awswer Key ror Aeriviry 4

@ a) The completed tables are shown below. ® a) The students will display this:
% %% ‘
Triangles Beta
Base Height Area t
A
Beta 8 3 12
Gamma 8 3 12
Trapezoids — Delta
Distance .
Lengths of Areain
Parallel t;:’;ﬁ Square
Sides Sides Units
AT 35 5 20 b) When the students put the pieces together to form a
rectangle, there will be a sliver of space of area? cm
Delta 35 5 20 . . ..
along the main diagonal. The reason for this is that when

the rectangle is partitioned into lots Alpha, Beta,
Gamma, and Delta, these lots are all quadrilaterals. Beta

- : - d Gamma are not triangles because line segments
c) Beta and Gamma are right triangles with legs ! . :
length 8 and 3. Two such right triangles ar%Q,QR,and RS have different slopes. To find the areas

congruent because they have two sides an&)falmS Bcfta} andt(_Bam:na, we must break each into a
contained angle respectively equal. Alternatively,apeZO' plus a triangle.

b) The areas of Beta and Gamma are equal.

students may observe that they are congruent il S
because they can be placed in coincidence. %etg ¢ %

d) Trapezoids Alpha and Delta are congruent Iph v

because either can be cut out and placed in % Deltar—
superposition with the other. ammaD

e) The sum of the areas of the four lots as shown in

the table is 12 + 12 + 20 + 20 or 64 square units.
Area of lot Beta

® a) The rectangle containing the four lots is 13 units = Area of triangle QWR + Area of trapezoid TWRS
long and 5 units wide, and so has an areaxot3 =3/2cm + 11/2x 2 cni.
or 65 square units. = 12.5 cr

b) The areas of the lots given in the table have

a . _
total of 64 square units, but the rectangle form%dm"?r:ly' tlh(ta aée? of Ic()jtgammar: 12.5%¢m bined
by the lots has an area of 65 square units. Theref ether, 1ots bBeta and ©amma have a combined area

the tax collector does not know whether to ass 5 crf, which is 1 cm more than the triangular lots

, .
an area of 64 square units or 65 square units. T e gnd Gamma. The extra 1 amme_from reshgplng
is why he was confused. the triangular lots Beta and Gamma into quadrilaterals

of slightly larger area.

| T2acHER MOTE | 7ax APPRAISER'S LImERICK

The apparent paradox presented above is a classic visudne area formulas for the triangle and parallelogram
trick. When the lots are arranged in an8square, they are special cases of the area formula for trapezoids. The
fit together without spaces or overlap. However, wheridea that formulas remain unchanged as one shape
rearranged to form a 35 rectangle, the lo&ppearto  changes into another is a powerful concept that pervades
fit together but, as students may discover in Exeise mathematics and motivates the continual quest for

there is a small gap along the main diagonal that has@eneral forms. At this level it's just an interesting
total area of one square unit. curiosity for kids




The scoring guide presented below has been developed using student responses on a field test conducted in 199:
However, it is recommended that you regard it merely as a starting point in the development of your own scoring
guide that will evolve as you use this with studeiise Ontario Curriculum, Grades 1-8: Mathematsserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.

Scoring Guide for Activity 4

PROBLEM SOLVING

Ableto identify &
Solve an area
Par adox

(exercises @, ©,
and Report)

M 7-6, M 7-8

Reporting of
Recommendations
Regarding an
Area paradox

(the Report)

« shows little awareness
that thereis a
paradox.

« little or no awareness
that at least one of the
lots has increased in
size.

Level 2

e is unaware that at least
one of the lots has
increased in area.

« does not identify 65
square units as the
area on which the total
tax should be
calculated.

e is aware that at least
one of the lots has
increased in area.

« identifies 65 square
units as the area on
which the total tax
should be calcul ated.

e is aware that at least
one of the lots has
increased in area.

« is able to calculate the
correct proportions,
30.77%, 19.23%,
19.23%, and 30.77%
of the 65 square units
on which tax is to be
paid.

COMMUNICATION
* responses to the

questions posed are
missing and/or
unreasonable.

* reasons supporting
some of the
recommendations are
missing and/or
incoherent.

* responses to the
questions posed are
complete and clear.

* reasons supporting
some of the
recommendations are
missing and/or
incoherent.

* responses to the
questions posed are
complete and clear.

* reasons supporting
the recommendations
are clear and coherent.

* in addition to Level 3:
the report contains
clear articulation of
the ideas involved and
offers persuasive
support for the
position taken.
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WHAT YOU MIGHT StE

PROBLEM SOLVING: ABILITY TO [DENTIFY & RESOLVE AN AREA PAaRADOX

- _KERRT
D@qr [4”34

You d “ox “heics (015 4
Ifecmgg ui? }/ou add He sect. mi
seperod! you coy Lind o~
T Lol “ie +é‘f' unit 2, Blo % \{?\u
Qwrronoe T T o Sguore Y o)
ke Qéz' unit®. N e

Pefor 20%
L %
Plohee 307

.‘ILZ

This report contains nothing suggesting that the
student is aware of an area paradox. In his answer to
Exercise® b (not shown here), asking why the tax
appraiser became confused, the student answered, “He
became confused because 2 shapes had areas of 12
and the other 2 had an area of 20.”

There is the observation that the total area of the lots
is 64 square units and the recommendation that the
tax be based on this area and levied in the proportions
20%, 20%, 30%, 30%. There is no explanation or
displayed computation showing how these percents
were obtained.

A1+ s 65 unit*

IIJD.)_rlqe Tax appreiser. oot corfiused  Decause
oneg s 65 unitr ond. one 1S 6 unit™ but
4he land oo i the soee .
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This response to Exerci@ b shows that the student

is aware that lots whose total area is 64 square units
seem to have been rearranged into a rectangular shape
with a total area of 65 square units. The student’s
detailed explanation of the different configurations on
pages 48 and 49 reveals that the student is grappling
with the problem, but has not resolved to her own
satisfaction why this paradox occurs. She has not
realized that lots Beta and Gamma have changed from
triangles to quadrilaterals.

In her report, she graciously accepts full responsibility
for having been cleverly outmanoevered by the
mathematicians, and suggests to the king that he ignore
the rearrangement and levy tax on 64 square units.
Her recommended apportionment of taxes among the
four lot owners is correct if the tax were to be levied
on 64 square units.
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PRroBLEM SOLviInG: ABILITY TO IDENTIFY & RESOLVE AN AREA PARADOX
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— The student recognizes that there is an

area paradox.

« The student realizes that at least one of

the lots must have increased in area.
Upon assembling the lots in a rectangle,
the student observes a space along the
diagonal and assumes (incorrectly) that
the space is filled by increasing the size
of Delta.

This report correctly suggests that
the total area to be taxed is 65 square
units. However, the student
incorrectly assumes that it is lot Delta
that has increased in size. The
displayed computations show that
the student understands the correct
way to determine the area of each lot
as a fraction of the total area.
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PROBLEM SOLVING: ABILITY TO [DENTIFY & RESOLVE AN AREA PAaRADOX
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This report reveals a high level of
problem solving ability. The student
has realized that the diagonal of the
rectangle is not a straight line. This
is a significant achievement for a
student who has not yet learned
about slopes of line segments.

This student has also recognized that
the two triangles have been
transformed into quadrilaterals. She
then calculates correctly the areas of
these quadrilaterals, presumably by
decomposition into a rectangle and
triangle.

’!ﬁey "are meas
Treiv_ ture \ate dreas : She stops short of an explicit

Alpha 20em? allocation of tax responsibility to

B%m 1220m? o o S each lot owner. Perhaps she felt that
 Geonma 2 5 cm? — the hard work was done and the rest
+ W dl[:elm +§,€J‘2"Q S is trivial detail. She is right.

4 { . .I"S.__ ..... Hfm F

COMMUYNICATION: REPORTING OF RECOMMENDATIONS RECARDING AN AREA PARADOX

This report addresses the questions posed but the second reason given for recommending assessment on 65
square units is incoherent. The statement “the people will have a bit more of a lot,” needs clarification.

The report recommends a combined 30% assessment for those with the smaller lots and a combined 70%
assessment for those with the larger lots. These percentages are inappropriate for either the 64 or 65 square unit
assessments. Furthermore, there is no displayed calculation or stated procedure explaining how these percentages
were obtained.



WHAT YOU MIGHT StE

COMMUYNICATION, REPORTING OF RECOMMENDATIONS RECARDING AN AREA PARADOX
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This report responds
completely and clearly to
the questions posed, and
the recommendations
are reasonable. However,
the reasons supporting
the tax allotments are not
given explicitly.

A strict application of

the rubric would assign
this report a Level 1,
since it does not
explicitly state a

recommendation for the
allocation of tax to lots.

However, it is clear that
the student intends
allocation by area. No
displayed computational
support for the areas
guoted has been
provided.

Teacher note:

The last two samples on this page,
also displayed on pages 53 and 54,
show how a sample of student work
can represent different achievement
levels relative to different skill
categories.

This report addresses both
guestions clearly and completely.
The computations are displayed
to show how the taxes were
assigned to each lot. Although
there is an error in the calculation
of the area of lot Delta, the student
has followed through with
consistency.
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Template — Centimetre Paper




PART IV

Measurement
N
Grade 8
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THE ONTARIO CURRICULUM, GRADES 1-8: MATHEMATICS

MEASYREMENT, GRADE &

Overall Expectations
By the end of Grade 8, students will:

» demonstrate a verbal and written understanding of and ability to apply accurate
measurement and estimation strategies that relate to their environment;

« identify relationships between and among measurement concepts (linear, square, cubic,
temporal, monetary);

* solve problems related to the calculation of the radius, diameter, and circumference of
a circle;

* apply volume and area formulas to problem-solving situations involving triangular
prisms.

Specific Expectations

For convenient reference, the specific expectations are coded. M 8-1 refers to the first
Measurement expectation in Grade 8.

Students will:

Ynirs oF MEASYrE

M 8-1 - use listening, reading, and viewing skills to interpret and evaluate the use of
measurement formulas;

M 8-2 - explain the relationships between various units of measurement;

M 8-3 - research, describe, and report on uses of measurement in projects at home, in
the workplace, and in the community that require precise measurements;

M 8-4 - make increasingly more informed and accurate measurement estimations based
on an understanding of formulas and the results of investigations;

M 8-5 - ask questions to clarify and extend their knowledge of linear measurement,
area, volume, capacity, and mass, using appropriate measurement vocabulary;



Specific Expectations (cont'd)

Students will:

M 8-6

M 8-7

M 8-8

M 8-9

PERIMETER, CIRCUMFERENCE, AND AREA

- measure the radius, diameter, and circumference of a circle using concrete

materials;

- recognize that there is a constant relationship between the radius, diameter,

and circumference of a circle, and approximate its value through
investigation;

- develop the formula for finding the circumference and the formula for

finding the area of a circle;

- estimate and calculate the radius, diameter, circumference, and area of a

circle, using a formula in a problem-solving context;

M 8-10 - draw a circle given its area and/or circumference;

M 8-11 - define radius, diameter, and circumference and explain the relationships

between them;

M 8-12 - develop the formula for finding the surface area of a triangular prism

using nets;

Caractry, VoLume, ano Mass

M 8-13 - develop the formula for finding the volume of a triangular prism (area of

basex height);

M 8-14 - understand the relationship between the dimensions and the volume of a

triangular prism;

M 8-15 - calculate the surface area and the volume of a triangular prism, using a

formula in a problem-solving context;

M 8-16 - sketch a triangular prism given its volume.
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M 8-4  make increasingly more informed and accurate
measurement estimations based on adH€ INGENIOYS BEVERAGE Can-Wiit WE Ever Ruw OUT?

understanding of formulas and the results of T

he invention of Coca Cola in
1886, and the establishment

M 8-6  measure the radius, diameter, and circumferenceoeginni(ﬂgpif ?Lg(zse'?_ifsasngi;k ;Zﬁft

of a circle using concrete materials. drink industry. Since then, the original

M 8-7 recognize that there is a constant relationship:ﬁg:ﬁﬁz;";r%o';ev‘:&i F\’/Z?isét;‘ac‘)'fesk(’)?te

between the radius, diameter, and circumferenceyyinks have emerged. But even more

of a circle, and approximate its value through remarkable than the emergence of so
investigation. drinks has been the development of the
containers that hold them.

investigations.

M 8-8  develop the formula for finding the circumference

and the formula for finding the area of a circle. O79nally, soft drinks were sold in

returnable bottles. Then in 1935, stee
M 8-9 estimate and calculate the radius, diameter,beverage cans appeared, challenging thig

circumference, and area of a circle, using a "éturnable bottie as the basic beveraggiais :
container. By 1967, Coca Cola and st ===y

formula in a problem-solving context. PepsiCo were selling soft drinks in

M 8-10 draw a circle given its area and/or circumference aluminum beverage cans and a new era in beverage containers was born.
Since then the demand for aluminum beverage cans has exploded, as shown

M 8-11 define radius, diameter, and circumference andin the graph below.
explain the relationships between them.

DM 8-18 determine trends and patterns by making 100 Number of Aluminum

inferences from graphs. Cans Produced in the U.S
between 1965 and 1995

Context 7o ! =~
60 -} Number of

This unit embeds the investigation of the circumference 50 A'“(r:“‘”“m
and area properties of circles in the rich context of “°] proggfed
commercial packaging— in particular, the evolution of ~" | inthe U.S.
the beverage can. This reinforces the Structural > | (n bilions)
Strength and Stability strand dthe Ontario 0=

Curriculum, Grades 1-8: Science and Technology 1965 1970 1975 ~ 1980 1985 1990 1995

Year

which includes the following expectation on p. 85:
« " @ Use your graph to help you answer these questions.
« tell the story of a product used every day' a) About how many aluminum beverage cans wer,

identifying the need it meets and describing its  produced in 19802

; ; b) About what year was the production of cans double that of 19807
pI’OdUCtIOh, use, and eventual dlSpOS&L ¢) How many times as great as in 1976 was the production of cans in 1995?

Activity 1 presents students with a brief history of the d) In about what year were 70 000 000 000 cans produced?

soft drink industry and the emergence of the aluminum e);)n[ldohhnet gg(r:r;]b;;):?cans produced in the U.S. increase by a constant
beverage can. A line graph showing the number Off)ls it possible to determine from the graph how many years it takes for the
aluminum cans produced in the U.S. between 1965 production of cans to double? Explain.

and 1995 reviews graphing concepts. By measuring the diameters and circumferences of various cans, students
are led to discover the Crb relationship for circles. In Activity 2, they investigate the formula for the area of

a circle to determine how much wastage results when circular disks are punched out of a sheet of aluminum.
Activity 3 uses the C #iD and A =1D?%4 relationships to compare the surface areas of cylindrical cans of the
same volume but different height and diameter. Students investigate the height:diameter ratio that is optimal in
minimizing the aluminum needed for a beverage can of capacity 355mL. Finally, in Activity 4, students investigate
the amount of aluminum saved by recycling and are led through calculations and Internet investigations to the
discovery that conservation is ultimately the most viable way to save the aluminum can from extinction.




The Lesson LaunchEanilhiieEs

Before launching this lesson, read the article by Hosford
and Duncan (see reference p. 96). It is a rich source of
AcTivity | — STYOENT PaGE

information on the remarkable engineering involved in
the development of the aluminum beverage can.

Hold up a couple of different soft drink cans and pose ® What geometric solid resembles the shape of a can?

to the class questions such as the following: Explain in a sentence or draw a diagram to show what is meant by
+ What material are these cans made of? each of these measures of a beverage can.
. . .. a) its diameter b) its circumference
* Where do we get this material? Is there an unlimited ¢) its surface area d) its volume

amount of itYAnswer: Aluminum does not occur
as an element in nature but rather as a Compound ® Describe how you would measure the diameter, circumference, and
from which the aluminum must be chemically height of a can.

extracted at considerqble cost.) . ® a) Without measuring, estimate which is greater, the circumference of
« About how many aluminum cans do you think were a beverage can or its height.
produced in the U.S. in 19957 b)Estimate how many times as great as the diameter is the

Use the information gleaned from the Hosford and Duncan ~ Greumference.

article to describe to the students some of the remarkabl@ a) measure and record the diameter, circumference, and height of each

engineering feats achieved in developing the can. can. Check your estimates in Exerc®e Were you surprised?
Explain.

Initiating Activity 10 minutes b) Enter in a spreadsheet or in a table like this your measures of the
diameter and circumference of each can. Calculate C/D for each
Distribute copies of student page 62. Have students work 2" and enterits value into your table.
individually to complete Exercid® in their notebooks. When Circumference | - Diameter B
the students are finished, display on the overhead projector
the graph on page 62. Invite students to present their answers

CAN #1

to the questions in that exercise. CAN #2
Paired Activity 30 minutes e
CAN #4

Group students in pairs and provide each pair with four cans e CofCvs D et .

. . . . c) Make a graph of C vs. D on your centimetre paper or using the
Of_ (_1|fferent diameters, a tape measure Ca“brat_ed .- graph or chart menu on your spreadsheet. What does your graph
millimetres, a copy of page 63, and a sheet of centimetre  gyggest about the relationship between circumference and diameter?
paper (see template p. 56). Discuss briefly the tdramseter, Explain.
radius, circumferenceind surface area Have students  d) Describe any pattern in the numbers in the C/D column of your
complete Exercisd®—® on page 63, ensuring both students table. Use this pattern to write a formula for C in terms of D.
in each pair make their own table and graph. If they have e) Use your formula to calculate the circumference of a can of diameter
access to a spreadsheet or graphing calculator, encourage 10cm.

them to use it in Exercis® to construct the table and f) Use your formula to calculate the diameter of a can with
scatterplot circumference 25 cm.

As you circulate around the room. check that the numbers iﬁ) Describe three ways that engineers might design aluminum cans so
L that they use less aluminum.

the C/D column of the students’ tables are cloge @heck

also that the points on the graph lie close to the line of slope

T that passes through the origin.

Closure

When all the students have finished, ask whether the beverage can is taller or wider around. Many will be surprised to
discover that the circumference of a beverage can is much greater than its height. Reinforce this by having students attempt
to wrap their thumb and forefingarounda beverage can. Then have them span the height of the can with thumb and
forefinger. Remind them that the circumference of a circle is about three times its diameter. Then call out different diameters
and ask them to estimate the corresponding circumferences. Then call out the circumferences of different circles and ask
them to estimate the corresponding diameters. After reinforcing the approximate 3 to 1 relationship between circumference
and diameter, formalize it by introducimgand explaining that it's just a symbol that stands for the exact ratio. Wrap up the
lesson with a brief discussion of different ways to reduce aluminum use in cans.
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T he invention of Coca Cola in 1886, and the establishment of

Pepsi Cola in 1898 mark the beginning of the ever-expanding
soft drink industry. Since then, the original recipes for Coke

emerged. But even more remarkable than the emergence of soft drink
has been the development of the containers that hold them.

Originally, soft drinks were sold in returnable bottles. Then in 1935,
steel beverage cans appeared, challenging the returnable bottle as tl |'
basic beverage container. By 1967, Coca Cola and PepsiCo were sellinfil#
soft drinks in aluminum beverage cans and a new era in beverage J ;
containers was born. Since then the demand for aluminum beverag K,%
cans has exploded, as shown in the graph below. g

100 ‘ ‘ ‘

Number of Aluminum e
80 Cans Produced in the U.S /
70 between 1965 and 1995 v

60
1
Number of /

Aluminum
Cans Produced 40
inthe U.S.

(in billions) 30 /

20 v

7

10
/——__/

1965 1970 1975 1980 1985 1990 1995
Year

@ Use your graph to help you answer these questions.

a) About how many aluminum beverage cans were produced in 19

b) About what year was the production of cans double that of 1980~

c) How many times as great as in 1976 was the production of cans in 19957

d) In about what year were 70 000 000 000 cans produced?

e) Did the number of cans produced in the U.S. increase by a constant amount
each year?

f) Is it possible to determine from the graph how many years it takes for the
production of cans to double? Explain.
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To do these exercises, you will need four empty cans of different diameters, a measuring
tape marked in millimetres, and a sheet of squared paper or access to a spreadsheet.

® What geometric solid resembles the shape of a can?
Explain in a sentence or draw a diagram to show what is meant by each of these
measures of a beverage can.
a) its diameter b) its circumference c) its surface area d) its volume

® Describe how you would measure the diameter, circumference, and height of a can.

® a) Without measuring, estimate which is greater, the circumference of a beverage
can or its height.

b) Estimate how many times as great as the diameter is the circumference.

® a) Measure and record the diameter, circumference, and height of each can. Check
your estimates in Exerci€. Were you surprised? Explain.

b) Enter in a spreadsheet or in a table like this your measures of the diameter and
circumference of each can. Calculate C/D for each can and enter its value into

your table.
Circungerence DianI;eter cb
CAN #1
CAN #2
CAN #3
CAN #4

c) Make a graph of C vs. D on your centimetre paper or usingy#mpd or chart
menu on your spreadsheet. What does your graph suggest about the relationship
between circumference and diameter? Explain.

d) Describe any pattern in the numbers in the C/D column of your table. Use this
pattern to write a formula for C in terms of D.

e) Use your formula to calculate the circumference of a can of diameter 10 cm.
f) Use your formula to calculate the diameter of a can with circumference 25 cm.

® Describe three ways that engineers might design aluminum cans so that they use
less aluminum.
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Grave &

Awswer Key ror Aerrvrry 1

@ a) About 40 billion (40 000 000 000). O a) Students will tend to think that the height is
b) 1988-89 greater or that circumference and height are very
c) About 5 times or 500%. close. To demonstrate the relationship, attempt
d) 1987 to wrap your thumb and finger around the can

e) Between 1970 and 1980 the production of cans  and show students that they don’t touch. Then
increased by about 35 billion and between 1980  show how your outstretched thumb and finger
and 1990 itincreased by about 45 billion. Therefore  can easily span the height of the can.
production did not increase by a constant amountb) Few students will recognize that the
over each decade or over each year. However, the circumference is more than three times (actually
graph between 1975 and 1985 is almost linear  mtimes) the diameter.

indicating that the yearly growth was almost

constant during that period. ® a) Answers will vary.

f) The production of aluminum cans increased from b) C/D =m for all cans. Student measurements
5 billion in 1970 to 10 billion in 1972. That is, should generate values of C/D somewhere
production doubled in 2 years. It took from 1972 between 2.8 and 3.4.

to 1976 (four years) for production to double again. ¢) The graph should look something like this.

Therefore the doubling time depends on the year. Circumference
Using the graph, we can determine the doubling *M Vs, i
time for any year up to 1982. After that, the doubling T ®M  Diameter P
of production is greater than 100 billion cans and Crrcunference 20— < «
this falls beyond the range of data in the graph. 15 ”
10 —

The cylinder is a model for a can. S -

— diameter—, 0

a) Thediameterof a can is the
distance across the top surface
the can measured through t
centre of that surface.

b) Thecircumferencef a can is the
distance around its curved surface.

c) Thesurface areaf the curved surfacef a can
is the area of the rectangle produced by slicing
the curved surface vertically and flattening it.
Thesurface areaf a can is the surface area of
the curved surface plus the areas of the top and

0 1 2 3 4 5 6 7 8 9 10

e ————
_ Diameter in Centimetres —
{rcumterence

The points on the graph lie close to a straight
line. This suggests that circumference is a linear

function of diameter.
d) The numbers in the last column of the table are

close to 3, suggesting that<3D. (Actually
C =1D, but students are not expected to know
this until the answers to the exercise have been
discussed.)

e) The circumference is 31.4 cm

bottom of the can. _ f) The diameter is 25 3.14= 7.96 cm.
d) Thevolumeof a can is the amount of space it
occupies. ® Answers will vary. However, among the most

a) To measure the diameter of a can we measureObVIous options are:

the distance across its top or bottom surface at’ make the cans smaller

the widest point. » keep the volume the same, but make the cans
b) To measure the circumference, we can use a shprter an_d fatter_.

string and measure the distance around the® mix aluminum with some other metal to reduce

curved surface of the can the amount of aluminum needed.

c) To measure the height of a can, we measure the
distance from top to bottom.



The scoring guide presented below has been developed using student responses on a field test conducted in 199:
However, it is recommended that you regard it merely as a starting point in the development of your own scoring
guide that will evolve as you use this with studeiiise Ontario Curriculum, Grades 1-8: Mathematsserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.

Scoring Guide for Activity 1

CONCEPTS

Understanding of the
Relationship between
the Circumference C
of a Circle and its
Diameter D, and that

Level 1

* The response to
Exercise @ includes
fewer than three of the
following elements:

« acompleted table
showing C/D between

Level 2

* The response to
Exercise @ includes at
least three of the
following elements:

« acompleted table
showing C/D between

Level 3

* The response to
Exercise @ includes
all of the following
elements:

* acompleted table
showing C/D between

C/D isthe Same for 3.0and 3.3. 3.0 and 3.3. 3.0 and 3.3.
All Circles. e aformula of theform [ ¢ aformula of the form « aformula of the form
C=xDorC- 3.14D. C=xDorC- 3.14D. C=xDorC- 3.14D.
(exercise @)
* an appropriate graph * an appropriate graph * an appropriate graph
M 8-7, M 8-8, M 8-9, M 8-11 comparing C and D for | comparing C and D for comparing C and D for
several cans. several cans. several cans.

« correct application of
the formularelating C
and D.

« correct application of
the formularelating C
and D.

« correct application of
the formularelating C
and D.

Level 4

In addition to Level 3:

* The graph comparing C
and D for severa cans
is a scatterplot or line

graph.

ACHIEVEMENT LEVELS DEFINED BY THE MINISTRY OF EDYCATION AND TRAINING
Level 1 Identifies achievement that falls much below the provincial standard.
Level 2 Identifies achievement that approaches the standard.
Level 3 The “provincial standard”, identifies a high level of achievement of provingial
expectations. Parents of students achieving at Level 3 in a particular gra
be confident that their children will be prepared for work at the next grad
Level 4 Identifies achievement that surpasses the standard.




WHAT YOU MIGHT SEE

No, I was not surprised because nty estimation skills aren’t very good and I know that.

b)
Circumference = C Diameter =D CiD
Can #1 32cm 10.5 cm 3.05 cm
Can #2 26 cm 8.5cm 3.06cm
Can #3 21 cm 6.5 cm 323 cm
Can #1 17 em 5.5cm : 3.09cm
Cvs.D
35
30 S
.25
sl - -
S 10 e -
5 \'\-\.
ol . T
Can #1 Can#2 Can#3 Can#4

¢) The relatienship is circumference wilk always be bigger than diameter because the diameter is always
multiplied by pi to find the circumference of a circle.

d) All the quotients are roughty three. So a formaula to find the circumference is C=Drx 3.

€) 3lom This student has shown a completed table with C/D in the appropriate range. The circumferences

H 83cm and diameters are graphed for four cans and displayed on a single graph so that C and D can be
compared, however the graph is not C vs. D and is inappropriate for displaying a relationship
between C and D. The points on each graph are joined by line segments, suggesting that the
variable on the horizontal axis is continuous. The student has used the formula C = 3D rather than
the more precise C rD or C= 3.14D. However the formula has been applied correctly. This
work could be classified as Level 2 or Level 3, depending on how much latitude you allow in
your assessment of what constitutes an “appropriate graph.”

5c) Graph of Circumference vs. Diameter

b [ Epe——
. Can_ ¢ C fem) D {em} ¢/D ERER] « circunfersnce
1 18.2 5.8 3,14
2 17.3 5.5 3.15 ”'
.
3 23.6 7.5 . 3.15
4 26.7 8.5 3.14 2

5. al Ho, I wasn't surprised. I sized up the diameter of each can
cont.

with my eye and pictured how long approximately three times ¢

that diameter would be { ¢ =¥d}. I saw that it was longer

than the can's actual height, so that means that the circumference |

on each of my four cans was longer than the height of each can. I

My graph suggests that the diameter is always approx. 1/3 of

€
3
the circumference. This is true, because the formula for Y
a2

finding circumference is this: C =4 (C = 3.14 x 4)

cand | Con ¥ Can# Can¥ ¥
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WHAT YOU MIGHT SEE
cont'd

5. d) The pattern in the C/D column of my chart is this: all the
guotients are approx. 3.14 cor W . The formula for finding
circumference is C = Trd

e} The circumference of a can with the diameter of 10 cm would
be 31.4 cm.
c =7Td
=3.14 = 10
=31.4 cm

£} The diameter of a can with a circumference of 25 cm is 8 cm.

This student has shown a completed table with C/D in the appropriate range. The circumferences
and diameters are graphed for four cans and displayed in a double bar graph so that C and D can
be compared, although this is not, strictly speaking, a graph of C vs. D. The graph may be
regarded as appropriate, albeit not optimal in displaying a linear relationship between C and D.
The student has used the appropriate formulaiQ e&nd has applied it correctly in the calculation

of C and D.

Circumference Diameter C/D
Can#1 20.5cm. 6.5cm. 3.15
Can #2 27em, 8.5cm. 3.18
Can#3 31.5cm. 10cm. 3.15
Can#4 27cm 8.5¢m. 3.18

o Qg L
ap) :
- 20 - - -

The graph shows that ¢/d is always almost pi. Therefore we can use 3.14 (pi) as the base
for all calculations relating to diameter and circumference.

d) The pattern in the chart is that all the c/d's are within 0.02 of pi. This would mean
that the formula is, pi (3.14} x diameter = circumference. Also circumference divided
by p1 equals diameter.

e) 10x3.14=314cm

f) 25 divided by 3.14 =7.96 cm.

This work satisfies all the criteria for Level 4 achievement presented in the scoring guide on

page 65. In particular the graph of C vs. D shows some understanding of the significance of
a scatterplot in identifying relationships between two variables. (Two of the cans that the

student chose had the same diameter, so the graph has only three points.)
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AcTiniTy 2 — TEACHER EOITION
7;/5 3 "S' TEP peoafss FOR M AKING gfl/é‘kﬂ&'é‘ azws

Expectations Addressed

@me 2 — STyoenT PacE

THE 3-STEP PROCESS FOR MAakinG BEVERACE CANS

M 8-6  measure the radius, diameter, and circumference of a
circle using concrete materials.

M 8-8  develop the formula for finding the circumference and
the formula for finding the area of a circle.

M 8-9 estimate and calculate the radius, diameter,

in a problem-solving context.
M 8-10 draw a circle given its area and/or circumference.

SldeS
SldeS
~6.6 cm-
bottom

sldes

6.6 cm

circumference, and area of a circle, using a formula | _

-

This activity presents the 3-step process in the manufact
of beverage cans. It develops the formula for the areg

A circular disk of
diameter 14 cm is cU
out of a sheet O
aluminum alloy.

t
f

The circular disk is|
stretched into 4
cylinder of diamete
6.6 cm and height o

The top of the cylinde
is timmed and tapere|
to allow for a smalle
lid, and then cleane

&N

the circle in terms of its diameter in the context ¢
calculating the wastage when the circular disk &m
aluminum is stamped out of a rectangular sheet.

about 13 cm. and decorated.

The activity that follows explores the waste of aluminum in step 1 of
the process.

In the culmination of Activity 1, students were asked, how; W//Ar 18 THE PERCENTAGE WASTAGE WHEN A CIRCLE 1S CUT FROM A SQUARE?
engineers might design aluminum cans so that they us

less aluminum. While there are many possibilities, this
unit investigates three measures to reduce the amount d /] N\
new aluminum needed, including two ways related to /|

manufacturing: 7 N

L] [~

—

* reducing wastage when circular disks are punche
out of rectangular sheets.

 changing the diameter:height ratio of the aluminum
can.

* recycling the aluminum cans.

Activity 2 focusses on the first of these three measures
The first step in the construction of aluminum beverage
cans is to punch out circular disks of aluminum with
diameter 14 cm. The wastage of aluminum in this ste
are the scraps between the circumference of each circl
and the square in which the circle is inscribed. Calculating
the area of this wastage involves calculating the area of ™
the circle and then subtracting this area from the area of

the square.

A circle of diameter 14 cin
is shown here. Count squafes
and fractions of squares|to
determine the area of the
circle in square centimetrgs
Calculate the area of the
wastage at the corners gmad
the percent of total area that
is wasted.

p

To develop the formula for the area of a circle in terms of its diameter, students trace the circumferences

of four cans onto centimetre paper. The area of each can is estimated by counting squares and fractions of
squares. These areas and the corresponding diameters are entered into a table or spreadsheet and the ratio
A/D?is calculated for each can. A graph of A vsidalso constructed by the students who are led to the
discovery that A/Bis a constant. The formula A®/§)D?is then formalized and applied to the calculation

of A for a given value of D, and the calculation of D for a given value of A.



The Lesson LaunchEanilhiieEs

The problem addressed in this Activity is the two-
dimensional case of a more mathematical problem that
mathematicians call tHeacking of Sphergsee Sloane
reference on p. 96). To motivate the investigation of the
relationship between the diameter of a circle and its
area, distribute a copy of page 70 to each student.
Describe the three-step process for constructing the
beverage can as described on that page. Talk about the
wastage involved in cutting circular disks from
rectangular sheets of aluminum alloy. Display an
overhead transparency of the circle on page 70 and pose
guestions such as:

« What percentage of this square sheet of aluminum
would you estimate would be wasted if this circular
disk were punched out of it?

« If the square sheet and the circular disk were doubled
in size would the percentage wastage be greater?

« How might you calculate the percentage of wastage?

Paired Activity 30 minutes

Group students in pairs and provide each pair with four cans
of different diameters, a tape measure calibrated in
millimetres, a copy of page 71, and a sheet of centimetre

(3]

paper (see template p. 56). Have students complete Exercises

@-0 on page 71. In Exercid®, students are required to

®a) Count squares in the diagram to determine the percqr

To do these exercises, you will need four empty cans (including a beverage
can) of different diameters, a measuring tape marked in millimetres, a sheet
of squared centimeter paper, a pair of scissors, and compasses.

@ This exercise refers to the grid and circle shown on page 70.
a) The area of the 1414 square grid is cm

b) The area of the circle of diameter 14 cm is
c) The total area wasted at the corners is

d) The area of the circle as a fraction of the area of the square is

e) The area wasted at the corners as a fraction of the area of the square is

2. cm

2. cm

f) The area wasted at the corners as a percent of the area of the square is

wastage when a circle of diameter 4 cm is cut out ¢
grid.

T
I
T

b) Is the percentage of material waste®im) the same aﬁ
the percentage wasted@f)? Explain why or why not.if

The manufacturers of beverage tins arrange circles on long sheets of
aluminum alloy so that there is a minimum wastage. Using compasses
or your can as a template, draw circles of diameter 6.6 cm on your squared
centimetre paper, so that there is smallest possible wastage. Calculate
the percentage wastage if your pattern were continued on long sheets.
Were you able to achieve a smaller wastage than in Ex@6igexplain

why or why not.

count the number of centimetre squares inside the circle On¢{’a) Trace the circular top or bottom of a can onto centimetre paper. Count

page 70. One of the easiest ways to do this is to use the

symmetry of the circle and count the squares in a quarter
sector as shown here.

First shade in the 33 squares that are almos
completely contained within the circle. Then
draw coloured circles in the 4 squares that
are about 3/4 inside the circle. Then assign
an area of 1/2 to the remaining 4 squares that are mostly
outside the circle. The total area inside a quadrant of the
circle is therefore about 33 + 4(3/4) + 4(1/2) or 38 ¢tence

the total area inside the circle is aboxt 38 or 152 crh A
similar procedure in Exerci#® should lead students to a
total area of about 200 small squares or about 1226 km
both cases the wastage should be about 8%. As you
circulate around the room, check that the numbers in the
A/D? column of the students’ tables are closg/tbor 0.79.
Check also that the points on the graph lie close to the line
of sloperv4 that passes through the origin.

squares to approximate its area. Record its diameter D and its area A.
Repeat this for the other cans.

b) Enter in a spreadsheet or in a tablg
like this your measures of the
diameter and area of each can
Calculate A/Bfor each can and enter
its value in your table.

c) Make a graph of A vs. Ton your
centimetre paper or using tigeaph
orchartmenu on your spreadsheet. What does your graph suggest about
the relationship between the area of the top of a cylinder and the square
of its diameter? Explain.

d) Describe any pattern in the numbers in the?&@umn of your table.

Use this pattern to write a formula for A in terms éf D

e) Use your formula to calculate the area of the top of a can of diameter
10 cm.

f) Use your formula to calculate the diameter of a can with a top of area
50 cnt.

Diameter

Areaof Top .
A D AlD

CAN #1

CAN #2

CAN #3

CAN #4

Closure

When all the students have finished, ask for volunteers to share their findings with the class. Ask, “Does the percentage
wastage depend on the size of the circle and square? What is the relationship between the area of a circle and the square ¢
its diameter? By what factor must we multiply the square of its diameter to obtain the area inside a circle”?Then call out
diameters of various circles and ask them to estimate, using their calculators, the corresponding areas. Then call out the
areas of different circles and ask them to estimate the corresponding diameters. Ensure that they know how to calculate
square roots on their calculators.
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Actrvity 2 — STYDENT PAGE

7;/5 3 ‘g 7EP p ROCESS FOR M AKING 3 EVERAGE aAI/S'

sides

14 c
sides sides
~ 6.6 Ccm-
\bottom

A circular disk of diameter 14 cm is
out of a sheet of aluminum alloy.

downward, creating the sides of the

punch of diameter 6.6 cm pushleg

e —

~6.6 cmM-

t
The circular disk is stretched into|a

cylinder of diameter 6.6 cm and
‘height of about 13 cm.

I

The top of the cylinder is trimme
and tapered to allow for a smaller li
and then cleaned and decorated.

[oNN X

The activity that follows explores the waste of aluminum in step 1 of the process.

WHAT 1S THE PERCENTAGE WASTAGE WHEN A CIRCLE 1S CUT FROM A SQUARE?

/

| — T

T

y

AN

/

N

/ N
/ Acircle of diameter 14 cm is showp \
here. Count squares and fractiops
/ of squares to determine the area|of \

the circle in square centimetres-
Calculate the area of the wastage
at the corners and the percent jof
total area that is wasted.

N\ /l




Actinrry 2 — STYDENT PAcE

To do these exercises, you will need four empty cans (including a beverage can) of
different diameters, a measuring tape marked in millimetres, a sheet of squared centimeter
paper, a pair of scissors, and compasses.

@ This exercise refers to the grid and circle shown on page 70.

a) The area of the 1414 square grid is cm
b) The area of the circle of diameter 14 cm is about 2,_cm
c) The total area wasted at the corners is about 2, cm

d) The area of the circle as a fraction of the area of the square is about

e) The area wasted at the corners as a fraction of the area of the square is about

f) The area wasted at the corners as a percent of the area of the square is about

® a) Count squares in the diagram to determine the percent of wastagel-] L.
when a circle of diameter 4 cm is cut out of a grid. V4 N
b) Is the percentage of material wastedna) the same as th \

percentage wasted @ f)? Explain why or why not.

® The manufacturers of beverage tins arrange circles on long shaets
of aluminum alloy so that there is a minimum wastage. UsiAgN
compasses or your can as a template, draw circles of diameter =
6.6 cm on your squared centimetre paper, so that there is smallest possible wastage.
Calculate the percentage wastage if your pattern were continued on long sheets. Were
you able to achieve a smaller wastage than in Exe@®Explain why or why not.

--

® a) Trace the circular top or bottom of a can onto centimetre paper. Count squares to
approximate its area. Record its diameter D and its area A. Repeat this for the other cans.

b) Enter in a spreadsheet, or in a table like this, your measures of the diameter and area of
each can. Calculate AfDor each can and enter

its value in your table. Areaof Top | Diameter A/D?
A D

c) Make a graph of A vs.Idn your centimetre
paper or using thgraph or chart menu on your | CAN#1
spreadsheet. What does your graph suggest al
the relationship between the area of the top o
cylinder and the square of its diameter? Explal caN #3

CAN #2

d) Describe any pattern in the numbers in t
A/D? column of your table. Use this pattern
write a formula for A in terms of D

CAN #4

e) Use your formula to calculate the area of the top of a can of diameter 10 cm.

f) Use your formula to calculate the diameter of a can with a top of area 50 cm.
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Grave &

Awswer Key ror Aeriviry 2

©® a) 140r 196 crh. i.e., 9 circles is B/[12(V3 + 1)], i. e., 0.86 or 86%,

b) The area of a circle of diameter 14 crmis 72 leaving wastage of about 14%.
or about 154 ck 7] A\
c) The total area wasted at the corners is about |\
196 — 154 or about 42 ém 3 % 'N\ A
d) The area of the circle as a fraction of the area 1
of the square that contains it is about 154/196| / \
or about 0.786
e) The area wasted at the corners as a fraction g -
the area of the square is about 1 - 0.786 = 0.21 / A 7
f) The area wasted at the corners as a percent o 1
the area of the square is about 21.4%.

-y

V4
7N

Nl

a) The answer is the same@sf), i.e., 21.4%.
Students should have answers between 14% afd —
30%.

b) The percentage of material wasted is the same\ d
as in@ f) because merely enlarging or shrinking ’lf
the circle and the grid together does not change 4~ )4 AN
the proportion of the area taken by the circle. N /I/

Answers will vary depending upon how mang a) Answers will vary.

circles the student draws and how they are arrangedp) A/D? = 174 for all cans. Student measurements
It is expected that students will draw circles and should generate values of A/Bomewhere
count the squares outside the circles to obtain the  petween 0.65 and 0.85.

percentage wastage. By using symmetry, studentsc) The graph should look something like this.
need only count the squares bounded by any 3
circles and this applies to all such regions. Similarly

the number of squares bounded by two circles and 300 [— Area -~
a border need only be counted once. 250 [— Vs 12
' ' _ . (Diameterf | " [
The optimum arrangement with up to 7 full circles ~ Area 201 5
is the hexagonal lattice packinghown in the T as0 =T
diagram above. This yields 14% wastage. The proof 100 —
of this (not to be shared with the students) is as 50 [—¢> -
follows. A single circle is surrounded by 6 circles o111 A1t
whose centres are the vertices of a hexagon. Each Square of the Diameter
of the 7 circles has an areard®* square units and
is cut out of a rectangular grid of heigtR énd The points on the graph lie close to a straight
width 2(/3 + 1)R. The total area of the 7 circlesas  line. This suggests that area is a linear function

a fraction of the area of the grid is therefore of the square of the diameter.

7W[12(V3 + 1)], i.e., 0.67 or about two-thirds. The d) The numbers in the last column of the table are
wastage would be about one-third or about 0.33.  close to 0.75 suggesting thatRD%4. (Actually
However, if we consider a long sheet, we can insert ~ A=T1iD?%4, but students are not expected to know
four semi-circles to fill the remainder of grid and this prior to completing this investigation.)
repeat this pattern so that each semi-circle becomes) The area is 26~ 78.54 cm.

acircle. The area of the 7 circles and 4 semi-circles, f) The diameter i<2\ 50+ 77 = 7.98 cm.



The scoring guide presented below has been developed using student responses on a field test conducted il
1998. However, it is recommended that you regard it merely as a starting point in the development of your own
scoring guide that will evolve as you use this with studerte Ontario Curriculum, Grades 1-8: Mathematics
asserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.

Scoring Guide for Activity 2

Level 3

PROBLEM SOLVING In addition to Level 3:

Selection of an « Little or no evidence | » Evidence of « Evidence of « Is able to arrange the
Appr opr iate of understanding that understanding that the | understanding that the | circles so the wastage
the area of acircle area of acircle area of acircle is less than 15%.
Str at_egy fpl’ inscribed in a square inscribed in a square inscribed in a square
Cuttlng Circles is afixed fraction of is afixed fraction of is afixed fraction of * Displays computation
from a Rectangl e the area of the square the area of the square the area of the square to verify that the
With Minimum and is independent of and is independent of and is independent of wastage is less than
Wastage its diameter. its diameter. its diameter. 15%.
(exercise ©) e Isunableto arrange | ¢ Isunableto arrange | « Is able to arrange
circles so that the circles so that the circles so that the
M 8-4, M 8-9 wastage is less than wastage is less than wastage is less than
21.5%. 21.5%. 21.5%.
In addition to Level 3:
 The response to * The response to  The response to * The graph comparing
Exercise @ includes Exercise @ includes Exercise @ includes A and D? for severa
fewer than three of at least three of the all of the following cans is a scatterplot or
the following following elements: elements: line graph.

Understanding of | elements
the Relationship

« acompleted table « acompleted table « acompleted table
between the Area | showing A/D? showing A/D? showing A/D?
of aCircleand its | between 0.65 and between 0.65 and between 0.65 and
Diameter . 0.85. 0.85. 0.85.
(exercise 9) » aformula of the form | « aformula of the form | ¢ aformula of the form
A=-D¥4o0r A=-D¥4o0r A =-D%¥4or
M 8-4, M 8-8, M 8-9 A - 0.79D2 A - 0.79D2 A - 0.79D2
* an appropriate graph | * an appropriate graph |  an appropriate graph
comparing A and D? comparing A and D? comparing A and D?
for several cans. for several cans. for several cans.

« correct application of | « correct application of | e correct application of
the formularelating A | the formularelating A | the formularelating A
and D2 and D2 and D2
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WHAT YOU MIGHT StE

PROBLEM SOLVING: DEVISING A STRATECY FOR PACKING CIRCLES WITH MINIMYM WASTACE

2. The sguares _area is. 226 B 2

Thece Jmosded ook ool Sep -
= i .

Corner. J2. mtom!._gugmggs 51 pie -

. The wastage 1 percent iS 2Q% westoge. -

. P) T dert Ahink that the pevcertt of material
weeste | changes 1§ the  dicumeter of The Circle
_Lhewiges. TR tha SZeof the chcle changes S0
_toes the  Size of the sSquore. Than 1§ the Size
28 4he Squove . dnenges Se et the fmeunt of wmstage.
IE you .;\mmsg Ahe gmmount of  [aulueS  ta thae

: Cirche b\/ o, Cev-Toa N aymoundt ‘fi:«-ar\ Yo —
cl'\cw\a,e +wao coieunt o Luc._&-‘r&%e : by' e =orng
T dmennst. TWE means . Fhe perc ent  Soys Arodns

the . Same
A= ez ;??}q‘z
A 3Hx33x33 ot e "-?__' _
A-zaaxicrs JRERIT %0TTS zsca
i A= 392 : - 307.75
| ' 4 65
Area O Sneet= 1% 1R = 356.9 4%
486> = |97%
3256 4

Yes T wes  aple Ap  abhwe €58 WwaStage
oecause insted  of giag each ciwcle o whele
: SGLUO\TE K iec_e_'.-'o@ ol inuny  exgund % i
 FE e e closer fogether. T ofilled TW
ke Gops - This means T &% moce Geeles
 pPEr area and  hadl @3S Wage e . I had
J4 %o wastage Cngted cof o 20%e: w&s&&ge.

The student used symmetry to estimate a wastage of 1atopach corner and multiplied by 4 to obtain a
wastage of 52 cfrout of a total area of 256 énThis yielded an estimated wastage of about 20% which is close

to the exact amount. The student states, “I don't think the percent of material waste changes if the diameter of the
circle changes.” In response to Exer@ghe student drew seven circles in three rows so the rows were staggered

(as on p. 72) and then measured the width and calculated the height of the rectangle containing them. The student
then displayed a calculation showing that this arrangement of circles yields a minimal wastage of 14%.



WHAT YOU MIGHT StE

CONCERTS: YNOERSTANOING THE RELATIONSHIP BETWEEN THE AREA OF A CIRCLE AND ITS DIAMETER

A i N
4a.) Can 1- d= 8em Area Xf Base Diameter A/D2 lega o [Besc ‘
A=314x8=2512cm?3 = EIIRaEEEnuRR ™",
] L +' r L N
Can 2- d= Sem Can1 25.12cm & 8cm 0.39 e 1t R e Y‘
A=3.14x5=15.7em® T IR b
Can 3. de 6om Can2 157cm™ 5cm 063 ‘7 Ty ‘ """ |
A=314 % 6= 18 84om™ 1 D IR o e
Can3 18 84cm# sem 0.52 AP I : ' .
Can 4- d= 7cm RN - ek /
A=3.11x7=2198cm ™ Cana |  2198cm* 7om 0.45 A L . | /
U N A ; D
¢.) It suggests that there is not much of a gap between area of base and diameter squared. | ? g T R
That they are fairly close together and the line in the praph doesn't rise very steeply. g 1 - ’f e e .
= > ‘
d.) The area divided by the diameter squared starts when the area is 1 the A/D2 is 9 09 1 ~ s - Pt
and starts going down when every area of base number increases. When you get to ten it I e R R T A AR e
starts to go into just decimals. For ten it is .90 and goes downward from there. A formula 77 ) : { Diame fer T
would be Diameter multiplied by two and then area divided by the diameter squared. c ] : ot R

e}A=10cm D=318 . . _
3')13 x3_](; =10 11 The values of A/Bin the table are outside reasonable limits because the student,

10510 11= 99 instead of counting squares, calculated the areas of the bases of the cans and used
The A/D2 is .99 the incorrect formula A = 3.14D. The incorrect data generated incorrect values for

~ N A/D?, and so the graph was not linear and the student could not discover an
£)A=30cm D= 1592 . . ; )
15.92 x 15.92 — 253 45¢m appropriate formula. With this compounding of errors, the student was unable to

50:253.45= 2 apply an appropriate formula to calculate A or D correctly
The A/D2 is 2

4.a) Can#1a=40cm?  d=~Tcm Level 4

Can #2 a=93cm®  d=1lcm.

Can # 3 a=7cm? d=3cm.
b
This work satisfies all the criteria for Level 4
achievement presented in the second row of the
scoring guide on page 73. The values of AfD
o the table are close to the true vatué= 0.785

The graph of Bvs. A shows some understanding
of the significance of a scatterplot in identifying
relationships between two variables. (Actually,
Exercisé® c asked for the graph of A vs2,but

at this stage we're delighted when students select
the most appropriate kind of graph.)

This student also presents a correct formula for
the area in terms of diameter (A = 0.79 Bnd
It applies it correctly in the calculation of both D
™ 1 and A.

L 4S 6199w
of hose G

d) The mumbers in the A/D? colummn of my table are all about 0.79. The formuta is
0.79 x d% To find the diameter it is A/0.79 then find thesﬁxg root of that answer.

e) 1¢x 10 x0.79 =79 cm?
f) 56/0.79 = 63.20 =7.955
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AcTinTy 3 — TEACHER Eo1TION
M/a// am/ / S M osT ﬁ'on/owmz?

Expectations Addressed
Acrinty 3 — STUDENT PAGE

M 8-2  explain the relationships between various units of

measurement. Wrew Can /s MosT Ecovomreat?
M 8-4 make increasingly more informed and accurate These cans all hold about 355 mL of beverage. However, they have

measurement estimations based on andiferent surface areas and therefore contain different amounts of metal.
understanding of formulas and the results of Which of them has the smallest surface area (and therefore uses the least

investigations. amount of metal)?

M 8-6 measure the radius, diameter, and circumference
of a circle using concrete materials.

Taller & Thinner Size

Standard Beverage Size 1

12.55 cnj

l

M 8-9 estimate and calculate the radius, diameter,
circumference, and area of a circle, using a formula
in a problem-solving context.

In Activity 2, students investigated the first of these thre
ways of reducing the amount of new aluminum required
for the manufacture of beverage cans:

CALCULATING THE SUYRFACE AREA OF THE CURVED SURFACE OF A Can

* reducing wastage when circular disks are puncherd do thi , i need vh ,
out of rectangular sheets. 2pe marked in millimetres, a pair of scissors, and a sheet of centimetre

. ) ) . . tape marked in millimetres, a pair of scissors, and a sheet of centimetre
« changing the diameter:height ratio of the aluminungaper.

can.
. . @ a) Cut a reangle from a notebook-size sheet of
® reCyC“ng the aluminum cans. paper so that it wraps snugly around the curve

: 0 surface of your beverage can. (Include the nec
T_hey Iear_ned that there is about 14% vyastage when 2 e tapered part at the bottom.)Trim th
circular disks are punched out of aluminum sheets. rectangle so that both ends touch withou
Hence, reusing the scraps could reduce the new OVet”apIIOif?g- ITaPe ﬂrﬁ e”dsttf’getfffwf to hot'ftihth‘
. L. rectangle in place while you trim off any part thai
0,
alumlnum_ need_ed by no more than 14%. In Activity 3 ends above or below the curved surface.
students investigate the second of these three ways of
reducing aluminum consumption By applying the b) Cut the tape and flatten your paper. Calculate the area of the
. ) . rectangle in square centimetres. This is the surface area of the curved
formulas for circumference and area of circles they  surface of your can.
calculate the surface areas of cylindrical cans of various
; hai ; ; ; ¢) The curved surface of a beverage can is pressed to a thickness of
cwcumfergnce.helght ratios. ||.'] this W_ay they determine 0.08 mm. Calculate the volume (in cubic centimetres) of aluminum
that the circumference to height ratio of the standard in the curved surface of a beverage can.
beverage can is not optimal. In fact, of all cylindrical
cans that hold 355 mL of beverage, the cylinder with a
height to diameter ratio of 1:1 has the smallest surface

area. Students are invited to suggest why the most economical shape may not be desirable.

In Exercise, students discover by wrapping a sheet of centimetre paper around a beverage can that the curved
surface of a cylinder, when rolled flat, is a rectangle of length C and kidtiere C is the circumference of the
cylinder andh is its height. By calculating the area of this rectangle, they obtain the surface area of the curved
surface of a cylinder. Exerci€® extends this activity by calculating the areas of the top and bottom of a cyliner

to obtain its total surface area. In Exer@¥g students use the formulas G and A =riD%4 to calculate the
circumferences and surface areas of three different cylindrical cans. By recording these surface areas in a table,
they discover that the standard can is not optimal. Finally in Exé@istidents are asked to determine which

of three different shapes has the largest increase in surface area if the thickness of its top were increased.



The Lesson LaunchBaaliiieEs

Hold up a cardboard cylinder such as the roll from a paper
towel or toilet roll dispenser. Pose questions such as the
following: 2}

* How could you determine the area of cardboard
needed to make this roll?

* What shape do you think it would have if | cut it
along the seam and opened it flat?

 Is more than one kind of shape possible? What

determines the shape? ®

Then cut the cardboard roll along its seam and show students
that it unrolls into a parallelogram. Ask how we might have
determined the length of this parallelogram without cutting
the roll. Conduct a discussion leading students to the
discovery that the length of the parallelogram is the same as
the circumference of the cylinder for which it was the
template. Then ask whether the cylinder could have been cut
to yield a rectangle. Ask what the dimensions of that rectangle
would be. Before moving students into the next activity,
ensure they understand that the surface area of a cylinder is
defined to be the area of any template from which it is made.

SE-TIg=Te WANSI()V/IsVA 30 minutes

Group students in pairs and provide each pair with a beverage
can, a tape measure calibrated in millimetres, a copy of pages
78 and 79, a pair of scissors, and a sheet of centimetre paper
(see template p. 56). Have students complete Exercises
@-©. Circulate around the classroom as students complete
Exercise@® to ensure that students are including the neck
and the tapered bottom. The area of the curved surface they
obtain should be between 200 and 236.@ome students
may observe that the paper does not fit snugly around the
tapered neck and so the area calculation will not be accurate
Stress that this procedure will yield only an approximation,
and ask the students whether the tapered neck makes the
surface area larger or smaller than an untapered neck.

As the students move toward the completion of Exe@®ise
check that their calculations of total surface area recorded in
their tables are the right order of magnitude.

@W 3 - 3’70061/@

a) In Exercisd, you calculated the area of the curved surface of
your beverage can. To find the total surface area of your beverage
can you will need to calculate the areas of the top and bottom of
the can. Use the formula you discovered in Activity 2 for the area
of a circle to calculate the area of the top and bottom.

b) What is the total surface area of your beverage can?

a) In Exercis@, you may have discovered that the surface area of

the curved surface of a cylinder is the product of the circumference
and the height. Use this information to calculate the surface area
of the curved surfaces of the three cans shown on page 78.

b) Calculate the surface areas of the top and bottom of each of the
cans shown on page 78. Record your answers in this table.

Area of
Curved
Surface

Total
Surface
Area

Area of the
top

Area of the
bottom

Standard
Beverage Can

Shorter &
Fatter Can

Taller &
Thinner Can

c) Calculate the surface area of each can and record it in the table.
Which can is the most economical? Give reasons for your answer.

d) Is the standard size beverage can the most economical? Why
might a soft drink company use a can which does not have the
most economical dimensions?

For extra strength, the top of the beverage can is made thicker than
the sides. Which can would show the largest increase in the amount
of aluminum used? Give reasons for your answer.

If D denotes the diameter of a can, and
h denotes its height, can you write an
expression for the area of the curved
surface of the can in terms of D a2l
Show your work.

Closure

When the students have completed Exer@seask one pair to display its table on the blackboard or overhead.

Invite other students to contribute answers that differ from those displayed. If there are some differences of opinion
and distinctly different answers, work through the computations with the class to demonstrate the correct computation
of the surface areas. When students have shown that they understand how to compute the surface area of a cylinder,
and recognize that the short, fat cylinder has smaller surface area than the tall thin cylinder, ask why the short fat
cylinder is not used as a beverage can. Discuss the esthetics, the comfort of gripping a smaller can, and the
psychological illusion that there is more beverage in a taller can. Bring the lesson to a close with a brief discussion
of how the amount of material in a can of each shape is affected by an increased thickness in the top.
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Activiry 3 — STYDENT PAcE

Wicw Cow ls Mosr Ecovommea?

These cans all hold about 355 mL of beverage. However, they have different
surface areas and therefore contain different amounts of metal. Which of them
has the smallest surface area (and therefore uses the least amount of metal)?

Standard Beverage Size

S ——
Thr
Qe

2,
(3

355 mL

- 6.6cm -

1

10.4 cm

Shorter & Fatter Size

—

Vera's
Vegetable
Drink

355 mL

- 8.0cm =

7.1 cm

e —

Pure
Orange
Huice

355 mL

~ 6.0cm -

CaLcuLaTinG THE SYRFACE AREA OF THE CURVED SURFACE OF A Can

To do this exercise, you will need an empty beverage can, a measuring tape marked

in millimetres, a pair of scissors, and a sheet of centimetre paper.

@ 2a) Cut a rectangle from a notebook-size sheet of paper so that it wraps snu~"-

around the curved surface of your beverage can. (Include the neck and t
tapered part at the bottom.) Trim the rectangle so that both ends touch withc
overlapping. Tape the ends together to hold the rectangle in place while yc
trim off any part that extends above or below the curved surface.

b) Cut the tape and flatten your paper. Calculate the area of the rectangle

square centimetres. This is the surface area of the curved surface of your c T

c) The curved surface of a beverage can is pressed to a thickness of 0.08 mm.
Calculate the volume (in cubic centimetres) of aluminum in the curved surface
of a beverage can.

Taller & Thinner Size

12.55 cm




Actinirry 3 — STYDENT PACE

® a) In Exercis@, you calculated the area of the curved surface of your beverage
can. To find the total surface area of your beverage can you will need to calculate
the areas of the top and bottom of the can. Use the formula you discovered in
Activity 2 for the area of a circle to calculate the area of the top and bottom.

b) What is the total surface area of your beverage can?

® a) In Exercisd, you may have discovered that the surface area of the curved
surface of a cylinder is the product of the circumference and the height. Use this
information to calculate the surface area of the curved surfaces of the three cans
shown on the other sheet.

b) Calculate the surface areas of the top and bottom of each of the cans shown
on the other sheet. Record your answers in this table.

AIELE) Area of the | Area of the Ui
Curved to bottom Surface
Surface P Area
Standard
Beverage Can
Shorter &
Fatter Can
Taller &
Thinner Can

c) Calculate the surface area of each can and record it in the table. Which can is
the most economical? Give reasons for your answer.

d) Is the standard size beverage can the most economical? Why might a soft
drink company use a can which does not have the most economical dimensions?

® For extra strength, the top of the beverage can is made thicker than the sides.

Which can would show the largest increase in the amount of aluminum used?
Give reasons for your answer.

—~ NN =

Cuattense

If D denotes the diameter of a can, am
denotes its height, can you write an expression
for the area of the curved surface of the can in
terms of D andh? Show your work.
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Graoe

&

Awswer Key ror Aeriviry 3

the curved surface is 61& 10.4 cndor 215.6 crh

@ b) For astandard 355-mL beverage can, the area of

¢) The thickness of the aluminum is 0.008 cm, andw

so the volume is 215.& 0.008 or 1.72 cfn

Cracenee

Answers will vary depending upon the can the

students used. The computations for a standard ﬁft

drink beverage can are given here.

a) Area of the top of the canmix 3.3 =34.2 cri.

b) Total surface area of the can is:

Area of the curved surface + Area of top + Area of bottom
= 215.6 + 34.2 + 34.2 or 284 &ém

a) & b) The completed table is given below.

Area of Total
Curved Are‘.i.:f i Argnz[?;nghe Surface
Surface P Area
Standard
Beverage 215.6 34.2 34.2 284.0
Can
Shorter &
Fatter Can 178.4 50.3 50.3 279
Taller &
Thinner Can 236.6 28.3 28.3 293.2

¢) The shorter and fatter can is the most economi
because all cans have the same capacity (355 n
but the shorter and fatter can has the smallest surf
area and therefore uses the least amount
aluminum. It is easily shown using elementar
calculus or a spreadsheet, that of all cylindric
shapes of the same volume, the one with heic
equal to its diameter has the minimal surface art

d) The standard size beverage can is le
economical in aluminum content than the short
and fatter can of the same capacity. Soft drit
manufacturers use a thinner can because itis ea
to hold. A taller and thinner can also appears
hold more soft drink than a can that is shorter a
fatter.

The shorter and fatter can has the largest top ¢
bottom area. Any increase in the thickness of tl
top or bottom of this can would increase the amot
of aluminum used in this can more than it woul
increase the amount of aluminum used in the othe

Students may or may not have learned algebraic
notation at this time, so this exercise is offered as a
challenge to those who have some familiarity with
algebra.

When the curved surface is flattene ° t
into a rectangle, its length is th
circumferencemD.

The width or height of the rectangl
ish. The area is the produmDh. !

TEACHER MOTE:

In this section, the answers are often expressed
usingTt This is for your information as a teacher.
If students have not been using the synthofior

to the study of this unit, it is sufficient to have them
use 3.14 instead. Many students are confused by
the formalism of a symbol that represents a
particular number and this impedes their
understanding of the relationships involved. It is
usually best to begin estimation of circumference
and area using €3D and A= 3D%/4 (or A= 3R),

and then move to €3.14D and A 3.14R. When
students are ready for the next level of formality,
you can introduce the symbuaito replace the
symbol= with the symbol = in the area formulas.

Note also that it does not matter whether you use
the area formula A siD%4 or the more familiar
formula A =1iR?. Each has its own advantages. We
chose the former so that the student investigation
in Exercise® of Activity 2 would not be
undermined by any prior exposure to the area
formula, and to develop the “perceptual anchor”:
the area of a circle is about 3/4 the area of the
area of the square in which it is inscribed.



The scoring guide presented below has been developed using student responses on a field test conducted in 199:
However, it is recommended that you regard it merely as a starting point in the development of your own scoring
guide that will evolve as you use this with studeiise Ontario Curriculum, Grades 1-8: Mathematsserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate

other levels to Level 3 achievement.

Scoring Guide for Activity 3

APPLICATION

Correct Application of
the Formulas for the
Areas of the Curved
and Flat Surfaces of a
Cylinder and
Appropriate
Interpretation of the
Results

(exercise ©)

M 8-9

General Expectation:

Solve problems related to the
calculation of the radius,
diameter, and circumference
of acircle.

Level 1

» makes few correct
computations in the
calculation of the
following:

« the area of the top and
bottom of a cylinder.

« the surface area of the
curved surface of a
cylinder.

« the total surface area
of aclosed cylinder.

* May make inappropriate
interpretations of the
results of the area
computations.

Level 2

* makes consistent errors
in the calculation of one
of the following:

« the area of the top and
bottom of a cylinder.

« the surface area of the
curved surface of a
cylinder.

« the total surface area of
aclosed cylinder.

» Makes appropriate
interpretations of the
results of the area
computations.

Level 3

« caculates correctly with
few minor errors the
following:

« the area of the top and
bottom of a cylinder.

« the surface area of the
curved surface of a
cylinder.

« the total surface area of
aclosed cylinder.

» Makes appropriate
interpretations of the
results of the area
computations.

Level 4

« calculates correctly with
no errors the following:

» the area of the top and
bottom of a cylinder.

» the surface area of the
curved surface of a
cylinder.

» the total surface area of
aclosed cylinder.

» Makes appropriate
interpretations of the
results of the area
computations.

81



82

)

WHAT YOU MIGHT StE

,«4{;}(«.} :%g A,

This student has calculated the surface

e T . area of the curved surface of each can
e | e P | P of) iR by multiplying the diameter by the
! E Sy Emeg e et &
: &zﬁ-‘;ﬁ;‘g‘f Sl 7y 32 (6 oeE | height. The areas of the top and bottom
= — en® | e | cm? of each can were obtained by computing
i e 15928, (2612 | 29007 nok.ou - 1D instead offtR? or TD%/4.
k Con: | s | P L emT Consequently all the entries in the table
! .;i"fi‘”fm* '?f:f’z. A fm?“ 18,85 102 0], in Exercise® b are incorrect.
PR e e The student has correctly compared the
L ) The Shorkae, faidec can T surface areas in the table and concluded
Ahe  Lemost.  cconomPoml ,._.(\Jg?r»cj that the shorter and fatter can uses the
; 1O 7.04 can® L0 kee ' least amount of “tin.”
Thes . . 85 . weceuse 4 ues (085
LESn, vanele Woldeng ke waonn This student needs to revisit the
Armouet. as The obtbor  theao. concepts of area and surface area and
learn the relationships and formulas
S connecting these concepts.
C‘_\b \'\-e, S Loendieed ';‘39’5£id \D—Cu‘ﬁtr‘bfj/l,
Unvs, .. S5, e T 20 -
ek_bﬁwav?c_,ra\j ek, SHL T the. eong e:_‘at,
Lo veld ead oreg, dad T
reves look . el lec, Lo the reaeoio clovess,
E O AT ‘ﬁg O "Areaofthe” O Yol Surface
n) op - O cobottom O 00 Axg
23}65 + 2 =Y O 341946 O 341946 0O 137.0292
Y2 x Pl = 33.16625cm? g 5034 g 5024 g 157.2800
[m] ] ]
33)56& Sfapled Shee‘t tehmw@; g 28.26 g 2826 g 121.8200
b)See Stapled Sheet

c) The Most econmical would be the tall skinny can because it uses the least
aluminum and holds the same amount of liquid as the others.

d) The Soft Drink Company Might Use A can wich is not the most econmicaal
beacause ther might be less waste when you cut it out of the square then when you
cut out a average can. Another reason is because its easier to carry, or the customers

want that size. Also It Might Be Cheaper To Ship In Those Boxes.

The table reveals that this
student computed correctly the
areas of the top and bottoms of
the cans. However the student
was consistently incorrect in

calculating the surface areas of

4, The Largest lhcregse OFAIUmiTJUm WOLIid be ch the SI'IOT{' aﬂd Fa't o] 4] bECaUSf_' thﬂ the curved surface because he

surface area of the top is the biggest and since the top and bottom of the can are
where the aluminum’s thickness is being increased it would affect the can with the
largest top and bottom area which in this case is the Short and Fat can.

CHALLENGE. Diameter x 314 x height= Curved Surface Area

multiplied diameter by the
height. Ironically, the student
gives the correct formula in the
Challenge problem at the
bottom of the page. The student
correctly identifies the short and
fat can in Exercis@®.



WHAT YOU MIGHT StE

Aaef = -lrw aof_)=m2 5021
=24x9 =314x4x4 &0.24
=216 cm2 = 50.24cm2 4 | —
316.48 em2
3) 4) standard beverage size c=nd 2 of curved =c x h aof top =me2
=314x 6.0 =20.742x 10.4 =314x33x33
=20.724 cm2 =2157168 cm2 = 31946 cm2
2157168
+ 314
249 9114
+ 331046
284. 106 cm2
shorier and fatter size  c=nd a of carved =exh a of wp =m2
=3.14x58 =2512x7.1 =3 14xdxd 178.352
=25.12 cm2 =178.352 cm2 =524 15014
228,492
+ 514
ITR63E
taller thinner size =nd anf cusved =cxh a of top =mr2
—34%6 =18.84x12.55 =3.1dx3x3  256.442
—18.84 em?2 =236.442 cm2 =28.26 28.26
T 2826
MBH62
)
Area of corved. | Arca of the top | Area of the Toatal surface
Cm2 i surface ) bottom area
Standard P 3119496 34,1046 210G
beverage can
Shorter & fatter | T7R.352 024 5024 27846327
CAD
Taller & thinner | 256.442 2826 2826 3B962
can

All the values in the table have been
computed correctly, except for the total
surface area of the taller and thinner can.
The student computed correctly the
areas of the top and bottom and the
surface area of the curved surface of the
can but added incorrectly.

Appropriate interpretations of the
computed results are evident in the
answers to Exercisé® c & d. The
reference to cup holders is particularly
delightful.

In the response to Exerci€® it is not

clear whether the student is aware that
it is the increased area more than the
increased circumference that is critical.

€) I think that the shorter fattet size is the most economical because there is less surface area .. there
is less matesial used and saves time and money
d) no the standard can i not the most economical. T think that the soft drink companies don’t use

the one with the smallest dimensions is because it is more convenient than the others are and easier
1o hold. Tt is the right size for the cup holders in the car so if you wete to change the size now it will
cost a lot of money. Tt is probably better off to stay with the regular size for now until people find a
better way to store liquids.

4) the shorter fatter one because the citcumference of the top and bottom is the targest.”. the more
material used on the rim.

3.a) Thirst Quencher: 215.5 cm?

Vegetable: 178.35 cm?

Orange Juice: 236.55 cm?

b)
Area of the curved Area of the top Area of the bottom Todal sartace area .

surface There are no errors in the values

Standard beverage 215.5 om? 342 cm? 342 cm? 283.9 ¢m? given in the table. The student
Shorter & fter can 178.35 cm? 50.25 cm? 50.25 cm? 278.85 cm? was able to apply the formulas
Taller & tmner can | 23 85 om? 28 75 o 3825 ont? 203.05 om? for the area of a circlg and
surface area of a cylinder

€} The shorter and faiter can is most economical because it uses the least amount of appropriately and to perform the

aluminum, but you get the same amount of liquid. This will produce less waste and be
better for the environment.

d) The standard size 1s not the most economical but it does use only 5 cm?® more,
Soft drink company's may use this can because it looks the best, is the easiest to drink
from, and is easiest to print designs on. The short and fat can would be to hard to drink

from, and the tall one uses to much aluminum,

4, This gives the short and fat can the largest increase because it has the largest
diameter and top and boftom surface area. this may make the standard size the most
economical. This would then be another reason that the companies use that size.

computations without error.

The interpretations of the results
were appropriate, coherent and
well-expressed. In the response
to Exercise®, the student
suggests yet another reason why
manufacturers might have
chosen the standard size.
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ACTInTy 4 — TEACHER EOITION

k E-DESIGN, k EYSE, OR k ECYOLE?

Expectations Addressed
ActiviTy 4 — STYOENT PAGE

M 8-2 explain the relationships between various units
of measurement.

RE-DESIGN, REYSE, OR RECYOLE?

M 8-3 research, desc_”be’ ?‘nd report on u_ses of The following news release appeared on the web site of the Recycling
measurement in projects at home, in the Council of Ontario in December 1996.

workplace, and in the community that require

precise measurements. http://www.web.net:80/rco/policy/csda_can.htm

M 8-9 estimate and calculate the radius, diameter, Valuable Aluminum Cans to Stay, Soft Drink Makers
circumference, and area of a circle, using a Pledge to Recyclers
formula in a problem-solving context. Toronto, December 17 -- To support Blue Box recycling,

Ontario's major soft drink makers have committed to

continue using high-value recyclable aluminum cans for the
Context next three years, Canadian Soft Drink Association Vice

President Stuart Hartley announced today.

In Activities 2 and 3, students investigated the first -..Province-wide, [recycled] aluminum is providing an
estimated $14.8 million this year. This year the average

two of these three ways of reducing the amount of market price for aluminum has been $1600 per tonne.

aluminum reqwmd for the manufacture of beverage ... Ontario consumers prefer to buy their soft drinks in cans.

cans: Nearly 90% of all soft drink containers purchased in Ontario
) . . are recyclable aluminum cans.
* reducing wastage when circular disks are punched

out of rectangular sheets.

o Changing the diameter:height ratio of the aluminum A later news update from the Recycling Council of Ontario appeared in

early 1997.
can.
* recycling the aluminum cans.
In this activity, students investigate the amount of http://www.rco.on.ca/news97/c2 htm
glumlnqm that is recovered by reCyC“ng' The Soft Drink Container Skirmishes Continue
information sources they use are bulletins posted on

. . . . In its latest release on the issue, the Canadian Soft Drink
the web site of the Recycling Council of Ontario. Association is trying to squash rumours that it is

Students are given data on the revenues generated from  orchestrating a switch from aluminum to plastic containers.
recycled aluminum cans and the average price of  AEIU8 01 fease i conaner ureny
aluminum throughout the year. This enables them to more aluminum units were sold in 1996 than the year
determine the total mass of aluminum recovered. Once  before”

they are given the mass of a beverage can (see Exercise ...Aluminum Fast Facts

o d)’ they can estimate the number of cans that were Aluminum soft drink cans sold in Ontario each year in
recycled. Using the fact that the total mass of aluminum  kilograms: 30 million

cans sold each year in Ontario is about 30 000 000 kg,

students can approximate the percentage of cans that

are recycled. From this information, students can then

draw some reasonable inferences about the amount of aluminum that is recovered through the recycling
program. Activity 4 and this unit culminate in the requirement that the student consolidate the results of
the investigations in Activities 2 through 4 in a report that compares the three methods mentioned above
in their potential efficacy in meeting the present and future demands for beverage cans.

An important aspect of this activity is that it provides students with relevant as well as redundant data
from which they must judiciously select to solve real-world problems. By accessing other Internet sites
such as the Canadian Soft Drink Association (see web site on p. 87), students can gather their own data
and create problems for others to solve.



The Lesson LauncsanlliieEs

To launch this lesson, ask students questions such as:

* What are two of the ways we have investigated AcTinTy 4 — STYDENT PAGE
to conserve our use of aluminum in the

manufacture of beverage cans?

@ a) Do the two news bulletins on page 86 agree on the percent of soft

* Which of these two ways do you think would drink containers sold in Ontario that are aluminum cans? Explain
save more aluminum? Why? SCRIr e
« How does the recycling “blue box” program b) How much revenue came from recycled aluminum cans in Ontario in

. ; ; 19967
in Ontario conserve aluminum?

¢) About how many tonnes of aluminum cans were recycled in Ontario

* Do you think recycling conserves much in 19967 What is this mass in kilograms?

aluminum? What information would you need
to decide? d) An aluminum can has a mass of about 13.8lgput how many
aluminum cans were recycled in Ontario in 1996?

Through discussion, students should review the results of9 - _ _ _
their investigations in Activities 2 and 3. Describe briefly a) l\/r:/rigtgv(\slgs the total mass of aluminum in soft drink cans sold in Ontario
the process of recycling. Mention that although aluminum '
cans are not pure aluminum, they are made from an b) About how many cans of soft drink were sold in Ontario in 1996?
. . o ; .
alum_mum a”Oy that _IS 97% aluminum. By ga_therlng ¢) What percent of the soft drink cans sold in Ontario in 1996 were
aluminum cans, melting them down and forming new recycled?
aluminum alloy sheets that can be made into cans, we
obviate the need to smelt more aluminum. This savings pay? Use the information in Activity 2 to estimate the percent of aluminum
for the entire blue box proaram and the recveling of other that could be saved if the wastage from the manufacturing process were
; prog Yy 9 retained and reused.
products like paper and glass.
® Use the information you obtained in Activity 3 to estimate the percent of

P P . aluminum that could be saved if the dimensions of the standard beverage
Individual ACtIVIty 30 minutes can were changed to a diameter of 8.0 cm and a height of 7.1 cm.

Distribute copies of pages 86 and 87. Assign Exer@kes
RESEareH REPORT

through® on page 87 for students to work on individually.
Remind students to check their notes from the previous

Do you think we will

activities_to answer E)fercis& and@._ They may need to _ eventually run out of
confer with their previous partners if they recorded their aluminum for beverage cans? Write a report stating your
results in onIy one notebook. opinion and provide reasons to support your position.|
Students who have difficulty solving word problems will Address these questions in your report:

find Exercises® and® to be challenging. Avoid the * How is the demand for aluminum cans expected |§

change in the 2icentury?

temptatlon_ to glve_them the_ answers. Instead, respond to *What are three measures that can be taken to consgrve

their questions by first ensuring that the student understands the supply of aluminum.

what is being asked. Then prompt the student with leading * How important is each of the conservation measurgs

questions such as, “What information do you have that might in preserving global aluminum resources?

help?”, and “What additional information would you need » What measures would you recommend to ensure tifat
elp<, . ) y sufficient aluminum will be available for beveragg

to answer the question?” Keep the responsibility on the cans?

student to answer the question.
Web Sites foz dl/(ou ﬂnfounation

Recycling Council of Ontario: http://www.rco.on.ca
@adian Soft Drink Association: http://www.softd@a

When students have finished the exercises, discuss the
answers. Invite students who have answered the exercises
successfully to display their solutions on the blackboard or
overhead projector. This is a good time to reinforce writing

complete statements to word problems.

Once it is clear that most students have reasonable estimates of the amount of aluminum that might be saved by each of the
three measures mentioned above, assign the research report project on page 87. Encourage students to visit the cited we
sites and others to obtain information for their reports. Attach a due date about seven days hence. This should provide
enough time for all students to gain access to a computer and to print out their reports.
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k E-DESIGN, k EYSE, OR k ECYOLE ?

The following news release appeared on the web site of
the Recycling Council of Ontario in December 1996.

http://www.web.net:80/rco/policy/csda_can.htm

Valuable Aluminum Cans to Stay, Soft Drink
Makers Pledge to Recyclers

Toronto, December 17 -- To support Blue Box recycling,
Ontario's major soft drink makers have committed to
continue using high-value recyclable aluminum cans for
the next three years, Canadian Soft Drink Association
Vice President Stuart Hartley announced today.

...Province-wide, [recycled] aluminum is providing an
estimated $14.8 million this year. This year the average
market price for aluminum has been $1600 per tonne.

...Ontario consumers prefer to buy their soft drinks in
cans. Nearly 90% of all soft drink containers purchased
in Ontario are recyclable aluminum cans.

A later news update from the Recycling Council of Ontario
appeared in early 1997.

http://www.rco.on.ca/news97/c2.htm

Soft Drink Container Skirmishes Continue

In its latest release on the issue, the Canadian Soft Drink
Association is trying to squash rumours that it is
orchestrating a switch from aluminum to plastic
containers. According to the release, "aluminum
containers currently account for 88% of the soft drink
units sold in Ontario and more aluminum units were sold
in 1996 than the year before."

...Aluminum Fast Facts

Aluminum soft drink sold in cans in Ontario in 1996:
30 million kg.
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@ a) Do the two news bulletins on page 86 agree on the percent of soft drink
containers sold in Ontario that are aluminum cans? Explain your answer.

b) How much revenue came from recycled aluminum cans in Ontario in 19967

c) About how many tonnes of aluminum cans were recycled in Ontario in 19967
What is this mass in kilograms?

d) An aluminum can has a mass of about 13.Akput how many aluminum
cans were recycled in Ontario in 19967
® a) What was the total mass of aluminum in soft drink cans sold in Ontario in
19967
b) About how many cans of soft drink were sold in Ontario in 19967
c) What percent of the soft drink cans sold in Ontario in 1996 were recycled?

® Use the information in Activity 2 to estimate the percent of aluminum that could
be saved if the wastage from the manufacturing process were retained and reused.

® Use the information you obtained in Activity 3 to estimate the percent of aluminum
that could be saved if the dimensions of the standard beverage can were changed
to a diameter of 8.0 cm and a height of 7.1 cm.

A

Do you think we will eventually run out of aluminum for beverag
cans? Write a report stating your opinion and provide reasong to
support your position.

112

Address these questions in your report:

* How is the demand for aluminum cans expected to change
in the 2% century?

* What are three measures that can be taken to conserve the
supply of aluminum.

« How important is each of the conservation measures in
preserving global aluminum resources?

* What measures would you recommend to ensure that
sufficient aluminum will be available for beverage cans?

Web Sites /oz dl/lo'zz ﬂn/o'zmation

Recycling Council of Ontario: http://www.rco.on.ca
\ Canadian Soft Drink Association: http://\/\MAN.softdrink.cy
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Awswer Key ror Aerrviry 4

a) The bulletin at the top of the page states, “Nearly

90% of all soft drink containers purchased in

Ontario are recyclable aluminum cans.” The

bulletin below it states, “aluminum containers kf&’fﬂkﬂ// kfp@?"
currently account for 88% of the soft drink units
sold in Ontario...” The two statements are

compatible because 88% is nearly 90%.

b) The revenue from recycled aluminum cans i€ graph on page 62 suggests that the demand for
Ontario in 1996 was $14 800 000. beverage cans will expand significantly during th& 21

c) The number of tonnes of recycled aluminugentury. This is supported by world-wide expansion of
from cans was $14 800 0801600 or 925@.  Soft drinks into countries the previously had little or no

d) The number of aluminum cans that wer@CCesS.

recycled in Ontario was: _ _ L
9 250 000000 o 680 147 058. Students might be quite creative in the measures they

13.6 propose for conserving the supply of aluminum. Among
That is, about 680 000 000 cans were recycléigse are the following:
in Ontario in 1996. » mix aluminum with a cheaper metal to form an
alloy.
a) The bulletin indicates that 30 000 000 kg of soft * change the shape of the beverage can to a shorter
drink cans were sold in Ontario in 1996. and fatter cylinder. .
b) The number of cans required to have a total mass * reuse the waste from the circle cut outs made
of 30 000 000 kg is 30 000 000 06A.3.6 or during the manufacturing of the cans.
2 205 882 353 cans. » encourage more people to recycle their beverage
That is, about 2 200 000 000 cans of soft drink ~ ¢ans. o N
were sold in Ontario in 1996. Through the exercises in this activity, students should

¢) The fraction of soft drink cans that were recycldfve learned that changing the shape of the beverage
in 1996 was 680 000 0092 200 000 000 or can will yield savings of at most about 2%. Reusing

0.309. Thatis, about 30% of the soft drink car8e waste in the manufacturing process could save up
sold in 1996 were recycled. to 14%. However, encouraging more people to recycle

their aluminum cans could save the 70% of the

In Exercisé® of Activity 2 p. 71, it was stated thataluminum that is currently lost as discarded, not

there is wastage of about 14% of the aluminufgcycled, beverage cans. The student report should
when the circles to make cans are stamped outficate that encouraging more people to recycle their
the aluminum alloy sheets. Therefore, about 1484/minum cans offers the greatest promise for the
could be saved by reusing the wastage in tR@nservation of aluminum.

manufacturing process.

In the table in Exercis® of Activity 3, p. 79, we
discovered that the surface area of the standard
beverage can is 284 énvhile the surface area of
the shorter and fatter can is 279°cBy changing

to the shorter and fatter can, we would save about
5 cn? out of 284 cm or about 1.8% of the
aluminum used. By switching to the most
economical shape (diameter:height = 1:1), we
could save about 2.3%.



The scoring guide presented below has been developed using student responses on a field test conducted in 199:
However, it is recommended that you regard it merely as a starting point in the development of your own scoring
guide that will evolve as you use this with studeiise Ontario Curriculum, Grades 1-8: Mathematsserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.

Scoring Guide for Activity 4

COMMUNICATION

Comparison of the
Relative Merits of
Three Different
Measures for
Conserving the
Aluminum in
Beverage Cans.

General Expectations:

» Demonstrate a verbal and
written understanding of
and ability toapply
accurate measurement and
estimation strategies that
relate to their environment.

 Solve problems related to
the calculation of the
radius, diameter, and
circumference of acircle.

* Report is mostly
incoherent and
contains two or fewer
of the following
elements.

e observation that more
beverage cans will be
needed in the 21st
century.

e identification of three
conservation measures:
- reuse wastage
- change shape of can
- recycle

* quantitative
comparisons of the 3
conservation methods

* reasonable
recommendation with
recycling identified as
most important.

* Report is mostly
coherent and contains
two of the following
elements.

« observation that more
beverage cans will be
needed in the 21st
century.

e identification of three
conservation measures:
- reuse wastage
- change shape of can
- recycle

e quantitative
comparisons of the 3
conservation methods

* reasonable
recommendation with
recycling identified as
most important.

Level 3

* Report is coherent and
contains three of the
following elements.

« observation that more
beverage cans will be
needed in the 21st
century.

¢ identification of three
conservation measures:
- reuse wastage
- change shape of can

- recycle

e quantitative
comparisons of the 3
conservation methods

* reasonable
recommendation with
recycling identified as
most important.

* Report is coherent and
contains al of the
following elements.

 observation that more
beverage cans will be
needed in the 21st
century.

« identification of three
conservation measures:
- reuse wastage
- change shape of can

- recycle

 quantitative
comparisons of the 3
conservation methods

* reasonable
recommendation with
recycling identified as
most important.
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WHAT YOU MIGHT SEE
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This report is mostly incoherent. It fails to address the main issues called for and contains at
most one of the elements listed in the scoring guide on page 89. The student does not seem to
have understood the intent of the activities or the context of the investigations. An interview
with the student would be needed to determine whether the report was an accurate assessment

of the student’s comprehension of the issues.
Level 2
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This report is mostly coherent. It includes two of the four elements listed in the scoring guide on page
89, i.e., the first and last. It also identifies reusing wastage and recycling cans as two measures to
conserve aluminum but it does not compare the relative potential of these measures for saving aluminum.
The student supports the recycling recommendation with the additional argument that aluminum is
not biodegradable and must be recycled to preserve the environment.



WHAT YOU MIGHT SEE

RESEARCH REPORT

T don’t think we’ll run out of aluminum beverage cans for a long
time if people continue to recycle. However, if the demand increascs at a
drastic rate, which might be possible, we will, eventually run out, hut
even if we do, it won’t be for a while.

There are certain precautions we can take so we don’t run out, even

though the demand for alominum beverage cans will most likely — The report indicates that more
beverage cans will be needed
increase throughout the 21* century. in the 21st century.
Maybe companies shonld start making taller and thinner cans, ~ Changing the height-to-
diameter ratio is correctly
which are mare cconomical, and that people should recyele more. identified as a conserving

measure, but the student has
recommended increasing
rather than decreasing the
height to diameter ratio.

Surprisingly, only 32% of the aluminum cans get recyeled which T
think is very little, ~ Recycling is identified as a conservation measure and
some data is given to suggest its potential savings.
Each one of these measures is important because they can help the

environment and also the soft drink industry, which might lose guite

u bit of money if it was to run out of aluminum for beverage cans,

since ahont 20% of beverage containers purchased in Ontario are — Recycling beverage cans is
included among the
made of aluminum, which suggests that a lot of people prefer recommended ways to

conserve aluminum .

aluminum to plastic, glass or other materials.
If we all take these mensures, we will have aluminum beverage cans

around for a long time,

This report is coherent and contains two of the four elements listed in the scoring guide on page
89, i.e., the first and last. It also includes two of the three conservation measures and provides
some quantitative data. The report suggests that the two conservation measures mentioned are
both important in conserving the available aluminum, but makes no comparison about the relative
merits of each measure. Inclusion of the reuse of the wastage and some comparative observations
about the relative importance of each measure would move this to a Level 3.

91



92

WHAT YOU MIGHT SEE
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~ The report indicates that more
beverage cans will be needed in the
21st century.
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The report is coherent and well organized. It addresses the main questions posed and reflects
a good understanding of the issues involved in the conservation of aluminum beverage
cans. It contains three of the four elements listed in the scoring guide on page 89. The only
missing element is the quantitative data needed to compare the potential effectiveness of
the three measures. Changing the height-to-diameter ratio of the can could save up to 2%
and reusing the wastage could save up to 14%, but recycling could save another 70% above
current levels. It is the large magnitude of this measure relative to the others that represents
a compelling argument for recycling as the most important measure.



ANSWER KEY FOR TEMPLATES ON PAGES 1518

D

l THE PyTHAGOREAN RELATIONSHIP |

¢

4 The Pythagorean Theor
4 may be the most import
4 theorem in geometry. It i
4 important that students ha

+- lots of opportunity to measu B .
+ the lengths of sides of rig{t -
+ triangles to verify it and te -

YSING THE PYTHACOREAN RELATIONSHIP
70 CALCULATE PERIMETER

@ The lengths of the sides and the perimeters of the shapes
are shown below.

17

RELATING THE AREA OF A PARALLELOGRAM TO THE AREA
OF A RecTanGLE

@ AABD andACDB are congruent. Reasons given 2
will vary, but any reasonable explanation or set Pz
of sufficient conditions should be accepted:
Since the triangles are congruent, they have
equal area. It is half the area of rectangle

ABCD, i.e., 10 uni To find the area of a right B F
triangle, we can multiply the lengths of its
shorter sides and divide the product by two.

® Sudents should discover that the areas of ABCD D C

and EFCD are equal.

Shape | Bae | Height | Area

aHel e

® As shown in the table, all the parallelograms
have the same base, height and area.

o|lo|®| >

(4] a) The area of a parallelogram is the
product of its base and height. p -
b) Area =b x h

THE AREA OF A PARALLELOGRAM CAN BE CALCYLATED
BY MULTIPLYING ITS LENGTH BY TS WIOTH ONLY
IF IT'S A RECTANGLE,

® Students may need help determining which side

V17 T A1
N . 6/ A i 7
- Pythagoras . / A . B © ;
- B'C"so‘l.B\'Cl' internalize its meaning. V29 5 29 V61 V29 |Va1 V4l
7 The areas of th /2 r 6 / 8 \
:( squarssl are shown Perimeter Perimeter Perimeter
N e = 2(6 +./29) =8+/61++/29 =2(/17 ++/ 41)
1 [ ] =~ 22.77 units. = 21.20 units. = 21.05 units.
9 unit? |~ \ =
To calculate the length ® Aquick way to estimate the
o b IBC| we write: length of the path is to observe
\ |[BCF=9+9=18. 6+/2 that the diagonal of a unit square
52 g q
18 unitdel N [BC|=V18=4.24 ‘ B is +/2_units or about 1.4 units
N — E /E ‘9 long. The arms of the spiral path
—] AN are respectively 1, 2, 3,4, 5, and
“ C G _ 6 of these diagonals long. The
; 4y2 | 3V2 total length is:
~To ﬁaDllilrlaf tr;fie'er@!"\ - (L+2+..+6)\2 orabout
we write: t - D _ ;
K IDE| = 2 and |EF]| = 3, \ /T3 \‘ 3 21x 1.4 = 29.4 units. The exact
\. SO|DA=2+%=13. / F length is 21,/2 or about 29.7
INIDF| =v13= 3.60 1] units.

78,

RELATING THE AREA OF A TRIANGLE TO THE AREA OF A
PARALLELOGRAM

@ See answer to Exerci@® p. 17. A

ABCD has area 12 uAitAABD andACBD each
have an area of 6 uhibvecause each is half the
area of the parallelogram.

® Area of parallelogram XYZW is ¥ 4 = 28 unit.

Area of AXYZ = 28+ 2 = 14 unit.
X W

+

Y YA Y z
® a) Divide the product of the base and height by 2.

b) A= (bx h)/2

of atriangle is the base. Show them that the height = .
of a triangle on a grid is either horizontal or

vertical. A base is a side perpendicular to the

height. A base, height, and the area of each triangle

are given in the table below.
Triangle | Base

AlW|H

Height Area
A 7 4 [ 14
B 5 10
c 4 6
D 4 8
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TEMPLATE
Record of Student Achievement on the Grade 7 Unit

Is It Mathematics or Magic?

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores
Activity 1 p. 27 Activity 2 p. 35 Activity 3 p. 43 Activity 4 p. 51 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Summary Level
Problem Solving Problem Solving — | Problem Solving
Concepts Concepts — | Concepts
Application Application — | Application
Communication Communication — | Communication

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores
Activity 1 p. 27 Activity 2 p. 35 Activity 3 p. 43 Activity 4 p. 51 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Summary Level
Problem Solving Problem Solving — | Problem Solving
Concepts Concepts — | Concepts
Application Application = | Application
Communication Communication — | Communication

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores
Activity 1 p. 27 Activity 2 p. 35 Activity 3 p. 43 Activity 4 p. 51 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Summary Level
Problem Solving Problem Solving — | Problem Solving
Concepts Concepts — | Concepts
Application Application — | Application
Communication Communication — | Communication

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores
Activity 1 p. 27 Activity 2 p. 35 Activity 3 p. 43 Activity 4 p. 51 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Summary Level
Problem Solving Problem Solving — | Problem Solving
Concepts Concepts — | Concepts
Application Application — | Application
Communication Communication — | Communication




TEMPLATE
Record of Student Achievement on the Grade 8 Unit

The Ingenious Beverage Can —Will We Ever Run Out?

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores
Activity 1 p. 65 Activity 2 p. 73 Activity 3 p. 81 Activity 4 p. 89 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Summary | Level
Problem Solving — | Problem Solving
Concepts Concepts — | Concepts
Application — | Application
Communication — | Communication

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores
Activity 1 p. 65 Activity 2 p. 73 Activity 3 p. 81 Activity 4 p. 89 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Summary | Level
Problem Solving — | Problem Solving
Concepts Concepts — | Concepts
Application — | Application
Communication — | Communication

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores
Activity 1 p. 65 Activity 2 p. 73 Activity 3 p. 81 Activity 4 p. 89 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Summary | Level
Problem Solving — | Problem Solving
Concepts Concepts — | Concepts
Application — | Application
Communication — | Communication

Student Name

From Scoring Guide for From Scoring Guide for From Scoring Guide for From Scoring Guide for Combining the Scores
Activity 1 p. 65 Activity 2 p. 73 Activity 3 p. 81 Activity 4 p. 89 from all Scoring Guides
Topic Level Topic Level Topic Level Topic Level Summary | Level
Problem Solving — | Problem Solving
Concepts Concepts — | Concepts
Application — | Application
Communication — | Communication
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Web Sites
Centre for Innovation in Mathematics Teaching http://www.ex.ac.uk/cimt/
Eisenhower National Clearinghouse http://www.enc.org/
Measurement Converter Activity http://www.mplik.ru/~sg/transl/
NRICH MATHS-the On-line Maths Club http://nrich.maths.org.uk/
TI Calculator Programs and Activities http://www.ti.com/calc/docs/resource.htm

Thee cS‘o][twau: ][o'c Ontario Schools

The Ministry of Education and Training of Ontario purchases site licences of software for all
publically funded schools in the province. This software can be obtained from the Ontario
Educational Software Service (OESS) representative in your school district. To determine
what is available, access this web sitettp://www.tvo.org/osapac




